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Abstract. Types in processes delineate speci ¢ classes of interactiv
behaviour in a compositional way. Key elements of process #ory,
in particular behavioural equivalences, are deeply a ectd by types,
leading to applications in the description and analysis of dverse forms
of computing. As one of the examples of types for processedis paper
introduces a second-order polymorphic -calculus based on duality
principles, building on type structures coming from typed -calculi,
Linear Logic and game semantics. Of various extensions of st-order
typed -calculi with polymorphism, the present paper focusses on
the linear polymorphic -calculus, extending its rst-order counter-
part [46]. Fundamental elements of the theory of linear polynorphic
processes are studied, including establishment of their sbng normal-
isability using Girard's \candidates", introduction of a b ehavioural
theory of polymorphic labelled transitions which strengthens Pierce-
Sangiorgi's polymorphic bisimulation via duality, and a fully abstract
embedding of System F in polymorphic processes, establigig a pre-
cise connection between the universe of polymorphic funabns and
the universe of polymorphic processes. The proof combinesrqgcess-
theoretic reasoning with techniques from game semantics. fie ab-
stract nature of polymorphic labelled transitions plays an essential
role in full abstraction, elucidating subtle aspects of poymorphism
in functions and interaction.
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Parametricity { Functional Programming { System F {  -Calculus {
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Logic { Full Abstraction { Termination { Logical Relations { Candi-
dates.

1 Introduction

Types in processes delineate speci ¢ classes of interactivbehaviour
in a compositional way. Key elements of process theory, in pdicular
behavioural equivalences, are deeply a ected by types [228, 35], al-
lowing precise encapsulation of the semantics of signi canclasses of
computation [12, 20, 21, 46, 47]. If the theory of processesears a ba-
sis for the description of general computational behaviouf29], then
types could be a fundamental tool for the description and andysis of
diverse forms of computational behaviour using processes.

This paper studies one instance of types for processes, ceinig
on the notion of genericity. Genericity is a useful conceptm software
engineering which allows encapsulation of design decisiersuch that
data-structures and algorithms can be changed more indepetently.
It arises in two distinct but closely related forms: one, which we may
refer to as universal, aids generic manipulation of data, as in lists,
queues, trees or stacks. The otheexistential form facilitates hiding
of structure from the outside, asking for it to be treated gererically.
In both cases, genericity partitions programs into parts that depend
on the precise nature of the data under manipulation and pars that
do not, supporting principled code reuse and precise typekecking.
For example, C++ evolved from C by adding genericity in the form
of templates (universal) and objects (existential).

It is known that key aspects of genericity for sequential furctional
computation are captured by second-order polymorphism whee type
variables, in addition to program variables, can be abstrated and
instantiated. In particular, the two forms of genericity me ntioned
above are accounted for by the two forms of quanti cation coning
from logic, 8 and 9. Well-known formalisms incorporating genericity
include System F (the second-order -calculus) [16,42], ML [31] in
its various guises and GJ (Generic Java) [15]. Centring on tlese and
other formalisms, a rich body of studies on type disciplinessemantics
and proof principles for genericity has been accumulated.

The present work aims to oer a -calculus based starting point
for repositioning and generalising the preceding functioal account
of genericity in the broader realm of interaction. We are patly moti-
vated by the lack of a general mathematical basis of generityi that
also covers state, concurrency and nondeterminism. For exaple, the
status of two fundamental concepts for reasoning about geree com-
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putation, relational parametricity [42] and its dual simul ation princi-
ple [1, 32, 41], is only well-understood for pure functionsBut a math-
ematical basis of diverse forms of generic computation is iportant
when we wish to reason about software made up from many com-
ponents with distinct behavioural properties, from purely functional
behaviour to programs with side e ects to distributed computing, all
of which may exhibit certain forms of genericity.

The -calculus is a small syntax for communicating processes in
which we can precisely represent many classes of computatial be-
haviour [9,12, 20, 21, 30,46,47]. Can we nd a uniform accounof
genericity for diverse classes of computational behaviouusing the

-calculus? This work presents our initial results in this direction,
concentrating on a polymorphic variant of the linear -calculus [46].
It turns out that the duality principle embodied in the linea r type
structure naturally extends to second-order quanti cation, leading to
a powerful theory of polymorphism that allows precise embeding of
existing polymorphic functional calculi and uni es some of the sig-
ni cant technical elements of the known theories of generiity.

Summary of Contributions. Below we list the key technical
achievements of the present paper.

{ Introduction of the linear polymorphic -calculus based on dual-
ity principles. Here \linear" means, intuitively speaking , that pro-
cesses always return an output when invoked. In the sequerdl
setting, it also means processes always terminate (strongammal-
isation, SN). For proving our calculus is linear, we use metbds
based on reducibility candidates [2,16,17], in addition tothose
from the study in typed process calculi [46].

{ A theory of behavioural equivalences based on a generic lalbed
transition system applicable to both sequential and concurent
polymorphic processes. Our transition relation is strongy guided
by duality-based type information which contributes to its high-
level of abstraction, enhancing a construction by Pierce ad San-
giorgi [36].

{ Establishment of a fully abstract embedding of System F intothe
linear polymorphic -calculus. The abstract nature of our generic
transitions, which leads to comparatively few transitions as well
as abstract treatment of existential types, is used for obtaning
full abstraction, where System F's impredicativity makes direct
syntactic reasoning hard.

The full abstraction result not only connects the world of processes

with one of the best-studied formalisms for polymorphic furctions,
but also opens the possibility to use the rich heritage of stdies on
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polymorphic functions in the world of typed processes, comimed with
wider representability and reasoning tools to theories of pocesses.
Among others the polymorphic extensions of other rst-order theo-
ries, including a ne processes [12], control [21], statefli behaviour
[20] and concurrency [20] are built on the basis of the presénheory.
These extensions will be treated in the sequels of the prestpaper.

Related Work.  Second-order polymorphism for the -calculus was
developed by Girard [16] and Reynolds [42], both focussingrouni-
versal abstraction. Later Mitchell and Plotkin [32, 41] relate the dual
form, existential abstraction, to data hiding. Based on a duality prin-
ciple, the present theory uni es these two uses of polymorpism, data-
hiding and parametricity, into a single framework, both operationally
and in typing. The uni cation is accompanied by new reasonirg tech-
niques such as generic labelled transitions.

Turner [43] is the rst to study impredicative polymorphism in
the -calculus, giving a type-preserving encoding of System F. K
type discipline is incorporated into Pict [37]. Vasconcels [44] studies
a predicative polymorphic typing discipline and shows that it can
type-check interesting polymorphic processes while alloimg tractable
type inference. Our use of a duality principle (whose origincan be
traced back to Linear Logic [17]) is the main di erence from those
previous approaches. The de nability argument in Section 7 which
leads to full abstraction, crucially depends on this duality principle.

Pierce and Sangiorgi [36] investigate a behavioural equivance for
Turner's calculus and observe that existential types can reuce the
number of transitions by prohibiting interactions at hidde n channels.
Lazc and his colleagues [26] show that when programs maniglate
data abstractly (called data independencg a transition system with a
parametricity property can be used for reasoning, leading ¢ e cient
model checking techniques. The generic labelled transitio uni es,
and in some cases strengthens, these ideas as dual aspects gingle
framework.

Pitts [38, 39] studies contextual congruences in PCF-like plymor-
phic functional calculi and characterises them via syntacic logical
relations, cf. [40]. There is an analogous way to constructdgical re-
lations in the present setting, leading to a similar characerisation
result (the construction is closely related with the duality-closed re-
lation we use for the proof of strong normalisability). The transition-
based reasoning discussed in the present paper gives a less@mact
but more tractable reasoning technique.

Recently, several studies of the semantics of polymorphisrbased
on games and other intensional models have appeared. Hugh§22]
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presents game semantics for polymorphism in which strategis pass
arenas to represent type passing and proves full abstractio for Sys-
tem F. His model is somewhat complex due to its direct represgta-
tion of type instantiation. Murawski and Ong [34] simplify H ughes
approach substantially, but do not obtain full abstraction for im-
predicative polymorphism. Abramsky and Lenisa [5, 6] give afully
abstract model for predicative polymorphism using interadion com-
binators. [3] presents another model based on game semargicFully
abstract embedding of impredicative polymorphism is left & an open
issue in these works. In view of the relationship between -calculi
and game semantics [12, 19, 23], it would be interesting to @styped
processes from the present work to construct game-based egjories.

Structure of the paper. This paper is the full version of [13], giv-
ing full technical details of the theory of linear polymorphic processes.
The reader interested in related work is invited to consult [L2, 20, 21,
46,47]. Section 2 informally illustrates the key ideas withexamples.
Section 3 introduces the syntax and typing rules, and provesSub-
ject Reduction. Section 4 establishes strong normalisalitly of linear
polymorphic processes. Section 5 studies a generic laballdransi-
tion system and the induced equivalences. Section 6 demonstes the
reasoning power of generic labelled transitions by way of notrivial
examples. Section 7 concludes with a fully abstract embeddg of
System F.

Acknowledgements. We deeply thank anonymous referees for their detailed com-
ments on an early version of this paper. Kohei Honda and Marti n Berger are par-
tially supported by EPSRC grants GR/R03075/01 and GR/T0423 6/01. Nobuko
Yoshida is partially supported by EPSRC grants GR/S55538/0 1, GR/T04724/01

and GR/T03208/01.

2 Generic Processes, Informally

This section introduces key ideas with simple examples. Wetart
with the following small process, which encodes the identit function,
y:y . We use the standard syntax of the asynchronous version of
-calculus [18].
IX(y2z):Zhyi
Here zhyi is an output of y along the channelz and x(yz):zhyi is a
replicated input, repeatedly receiving two namesy and z at x. After
having receivedy and z, it sendsy along z. For typing this process (in
a Curry-style system), we assign each channel a type which ggi es
how it can carry arguments. Let us assume the correspondingientity
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function has functional type ) . In the standard typing system
of the -calculus [28, 45], the above agent is typed as follows:

T Ix(yz)izhyi ox o ()

where ( ( )) represents that namex inputs or outputs two arguments
with type and type ( ). As rstre nement, we attach action modes
to types to ensure the linearity and direction of channel usge. Duality
is de ned between input and output. Hence x in the above identity

agent is typed by: )
())

~ indicates the dual of (which is inductively de ned by dualising
input and out modes). ( ) sends a name of type exactly once,
while (7( )")' indicates the behaviour of receiving two names at a
replicated input channel, one used as™ and the other as ().

Based on linearity and duality, the polymorphic identity is now
typed as follows.

S Ix(yz):zhyi . x 18x:(X(x)")!

Herex is a type variable andX indicates the dual ofx. 8x universally
abstracts x, saying X can be any type. It is important to bear in
mind that 8x binds x and its dual X simultaneously (as in [17]). The
operational content of typing a channel with a type variable is to
enforce that y cannot be used as an interaction point which would
require a concrete type. In the above exampley with a variable X
only appears as a value in a message.

Next we consider a process whose type is dual to that of the alve
agent. Let thyi €1y(aiayz):zhayi, nothewi £1 c(ajayz):Whasaizi and
B £ 8x:(xx(x)")' which are, respectively, truth, negation and the
polymorphic boolean type.

* X(yz)(thyij z(w):g(c)nothewi ) . x :9x:(x (X)¥)?; e:(B)" (1)

This process sendy and z (respectively representing the truth and
the continuation) via x, where X(yz)P stands for ( yz)(Xhyzij P).
Then it receives a single name atz and sends its negation viae. #
means \input once" while ? stands for \output to a replication". To
understand the typing, let's look at the situation before existential
abstraction:

* x(yz)(thyij z(w):&(c)nothewi ) . x : (B(B)¥)?;e:(B)" (2)

Abstracting B and its dual at x simultaneously, we obtain9x:(x (X)#)?
(9x binds both x and X). Thus existential abstraction hides the con-
crete type B.
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The types 8x:(X(x)")' and 9x:(x(X)#)”? are dual to each other
and indicate that composition of two processes is possibleWhen
composed, the process interacts as follows. Below and herficgh we
write idhxi for Ix(yz):zhyi.

idhxij X(yz)(thyij z(w):e(c)nothcwi)
Iidhxij ( yz)(zhyij thyij z(w):e(c)nothcwi)

I idhxi j ( y)(thyijg(c)nothcyi)
idhxi j g(c)fhci

Here fhoi £1c(xyz):zhyi (representing falsity) and is the stan-
dard weak bisimilarity. As this interaction indicates, a universally
abstracted name, after its receipt from the environment, ca only
be used to be sent back to the environment as a free name or be
discarded for non-linear names. The dual existential side an then
count on such behaviour of the interacting party: in the abowe case,
the process on the right-hand side can expect that, viaz, it would
receive the namey as a free name which it has exported in the initial
reduction, as it indeed does in the second transition.

This duality plays the key role in de ning generic labelled tran-
sitions, which induce behavioural equivalences more abstict than
non-generic ones and which are applicable to the reasoningver a
wide range of generic behaviours. We use an example of a geiver
transition sequence of the process in (1).

x(yz)(thyij z(w):e(@notrewi) 17 Y thyije(onotheyi (3)

A crucial point in this transition is that it does not allow a bound
input in the second action, because the protocol at existenally ab-
stracted names is opaque. The induced name substitution the opens
a channel for internal communication. In contrast, the process in (2),
di erent from (1) only in type, has the following transition sequence.

(yz)(thyij z(w)&(c)nothewi) 17 I thyij e(c)nothewi

Note that we have a bound input in the second action; the trangtion
sequence is now completely controlled by type informationwithout
sending/receiving concrete values. Under this duality prhciple, pos-
sible actions atw are no longer opaque but are speci ed by the type
information B. In this way existential/universal type variables corre-
spond to free name passing, while concrete types (which rigously
specify protocols of interaction by their type structure) correspond
to bound name passing.
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We further examine the e ect of free input. The process on the
right in (3) has the following transitions.

thyijs(c)notheyi F@ Y2 A2 i notiey @)

Here, becausey is existentially quanti ed, thyi can never interact
with processes in the environment. Hence an input transitim at y
never happens. Consequently, at the third step the only podble ac-
tion is internal -action at y betweenthyi and messageyhwowiCyi
generated fromnothcyi. Thus the process in (2) in e ect behaves as
the falsity. On the other hand, in (4), thyi is always accessible from
the environment, hencethyi and nothcwi can behave independently
without internal communication. For example, at the second step, it
can have a bound input transition y(ww3c9) from the environment.

This way, the duality in the type structure is precisely re e cted
by a duality in behaviour. This duality principle is also essential in
the construction of the second-order semantic types for praing the
strong normalisability of linear polymorphic processes ad for various
embedding results.

3 A Polymorphic -Calculus
3.1 Processes

We use the asynchronous version of the -calculus [14, 18]. Simple in
construction, the calculus in its untyped form can represem a wide

range of computational behaviours, including the untyped -calculus
[27], objects [24] and distributed computation [10]. Letx;y;::: range
over a countable setN of names Vectors of names are writteny= Pro-

cessesranged over byP; Q;R;:::, are given by the following gram-
mar.

P u= x(3:P jX(y):P jxhyij PiQj( x)PjoO

Names in round parentheses act as binders. We assume the stiard

-equality . Ineach of these agents, the leftmost free name is called
the subject while yis the vector of objects The processx(y):P inputs
a vector of names (to be instantiated aty) via its subject x with a
continuation P. Its replicated counterpart is !x(y):P. Xhyi outputs ¥
along x. Having replication just for input guarded processes is wei
known to be su cient for Turing universality and is easier to type
than more general forms of replication. The parallel compoiion of P
and Q is PjQ and ( x)P makesx private to P. O indicates the lack
of behaviour. The structural equality  is the smallest congruence
inductively generated from the following axioms.
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{ IfP QthenP Q.

{ PiIQ QjP,P Pjo,Pj(QR) (PjQ)JR,P PjO,

{ (X)yY)P  (y)x)P,(x)0 0,x2f(P)) (x)PjQ)
Pj( x)Q.

The reduction relation !  is generated from:
{ xX(y):Pjxha ! Pfz=yg
{ X(p):Pjxte ! IX(y):P jPfz=yg

{P1 Q) (x)P I (x)Q
{P! P%) PiQ! PYQ
{P P Q Q) P! Q

The multi-step reduction!! is de ned as! [

3.2 Types

Our typing judgements are of the form™ P .A where theaction type
A summarisesP's channel usage throughchannels typesassigned to
each of P's free names, and by causality arrows between the chan-
nel types. The lO-mode indicates whether P has an active thread
or not. The linear type discipline as a whole o ers three kinds of
information.

{ Directional: does P use the channel for input or output?
{ Quantitative: how often is the channel being used?
{ Qualitative: what kind of data ows over the channel?

In the following, we show how these ideas are materialised byhe
linear type discipline.

Action Modes.  Channel types are inductively made up from type
variables and action modes. The fouraction modes speak about the
directional and quantitative sides of channel usage:

# Linear input, " Linear output,
I Server at replicated input, ? Client requests to!.

Input modes are#; !, while "; ? are output modes Input/output modes
are together calleddirected modes We let p; p®::: (resp. p,, resp. po)
denote directed (resp. input, resp. output) modes. We de nep, the
dual of p, by: #=",1=2andp = p.

Action modes may be best understood by considering what -
abstractions do, seen from the outside: they receive an argnent and
may later return some value that (usually) depends on the argiment.

In our translation into the -calculus (cf. Section 7), a -term is
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mapped to a process, and it just waits around for being invokd with
an argument. This means it is a processx(v):P. Such a process is a
serverlocated at x. Replication is necessary, because a function, and
hence its translation, may be used more than once, or not at &l Since
everything is a process in -calculi, arguments supplied to servers are
the names of other servers, those where the argument is proded.
When executing an invocation, a server asks the argument seers
what their values are. Channels, likex in !x(¥):P, used by servers
for invocations, have ! as action mode. Dually, the client sends its
invocation of a server on a?-moded channel. But what about the
server returning a result to a client? We want the client to receive
the result for its own unique last uncompleted invocation, hence the
channel used for returning a value should be used at most oncéf we
know that the server will always terminate, as we do when trarslating
strongly normalising calculi like System F, we can strengtken this
requirement to channels for return values being used exagfl once.
That is the point of # and (dually) ".

Syntax. We now formally de ne the syntax of channel types. Chan-
nel types ranged over by ; ; ;::: , are given by the following gram-
mar.

=) ol o= X0 8xi(o)P 0u= X0 9x(7)Pe

wherex;y;::: range overtype variables which is a countable set that
comes with a self-inverse and irre exive bijectionX (as found in [17]),
i.e.X = x and X 6 x. Each x is assigned a directed action mode,
often written xP, so that the mode ofX is always dual to that of x.

We have three dierent kinds of channel types: input channek,
output channels and | which indicates that a channel is no longer
available for further composition with the outside. In quanti ed types
like 8x:(~)", vectors x and - are not required to have the same or
non-zero length. We write (9 to abbreviate 8 :(~)” and (~)P is
short for 9 :(~)P°. Quanti ers bind type variables in pairs, so that
both x and X are bound in 8x: and 9x: . One could say that the
former is an abbreviation for 8f x;Xg: and the latter for 9fx;Xg: .
Type substitution, which should always respect action mods, is sim-
ilarly shorthanded: for example (X(x)")'f =xgis (7( )")'. The set
ftv( ) of free type variables in also automatically includes duals,
e.g. ftv(x) = fx;Xg. This formulation based on dual type variables
follows [17].

Atype isclosedif ftv( )= ;. , and pare calledinput types and
output types respectively. The dual — of is the result of dualising
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all action modes, type variables and quanti ers in . For example
8x:9y:(()*((¥)")")? = 9x:8y:((X)" ((y)*)?)'. We set

md(xP) = p; md((~)P) = p;
md(8x: )= md(9x: )= md( ); md(l)=I:

We often write P if md( ) = p. As in [12, 20, 46, 47], we assume a
sequentiality constraint on channel types which requires that

{in( n)', md( j)= " for a uniquej (for simplicity we assume
j = n from now on), elsemd( ;) = ? and dually for ( 1::: n)?;
{ in( 122 n)% each ; has mode?, dually for ( 1::: ) .

These conditions come from [4, 19, 23]. They ensure that nanseused
for input carry only output names and vice versa (I0-alternation),
and that a replicated input receives, besides replicated nmes in the
environment, exactly one linear name for answering to the cént.
These conditions are not essential for our main result, fulbbstraction,
but lead to a clean behavioural theory.

Composability of types is given by on channel types: is the
least binary, associative and commutative partial operaton on chan-
nel types such that

—# = | I 2 2_ 2.
Herel is treated as a channel type for notational simplicity. We will
also write to indicate that is de ned. Intuitively, the last
two rules say that a server should be unique, but an arbitrarynumber
of clients can request interactions. The rst rule says that once we
compose input-output linear channels, the channel becomesncom-
posable. Note that other compositions are unde ned. For exaple,
IX(y):P j x(2):Q is never typable because ()' ( )' is unde ned.
X j x:0 is typable by x : 1, but XjXjx:0 is not because () ()" is
unde ned. This partial algebra of channel types ensures diectional-
ity and quantitative properties of channels in typable processes by
controlling their composability.

3.3 Typing

Sequentiality and Causality. The typing system proposed here is
a Curry-style system (it is straightforward to derive the correspond-
ing Church-style system) and adds quanti ers rules to the rst-order
system of [12, 46]. Here we introduce two key ideasequentiality and
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causality of communicationsfor controlling qualitative aspects of pro-
cess behaviour.

In sequents™ P .A the I0-mode s either or o The former, 1,
indicates that P does not have an active output, i.e. an output that
is not pre xed. The latter, o guarantees the existence of exactly one
active output in P. In e ect this removes concurrency from our typed
calculus. This restriction can be lifted without a ecting g enericity but
to keep things simple, we only treat the sequential case heré&ormally
we de ne the partial algebra:

I 1=1andi o=o0 I1=oa

Note o ois unde ned, which achieves that we do not have more than
one active thread at the same time. For exampleaja and b:(ajc) are
untypable by this constraint. We write 3 S if 4 > is de ned.

Action Types and their Composition. To ensure termination
of process behaviour, we introduce theaction type ranged over by
A;B;C:::, which is a nite directed graph with nodes of the form
X: , such that

{ no name occurs twice; and
{ edges are of the formx: ! y: %such that either
() md( )=#andmd( 9="or (2) md( )="!andmd( 9= 2.

Edges denotes dependency between channels and are used teae{r
vent vicious cycles between names. Similarlyfn(A) denotes the set
of names and modes irA and we write A(x) for the channel type
assigned tox in A. We compose two processes typed b and B
whenA(a) B(a)is de ned for all a2 fn(A)\ fn(B), and composi-
tion creates no circularity between names. For example, comosition
ofx: 1! y:andy: 3! x:771isundened. We write A B if
A B is de ned.

We write x | yif x: ! y: %for some and © in a given
action type. If x occurs inA and for noy we havey ! x then we say
X is active in A. jAj denotes the set of nodes imMA. We often write
x: 2 Ainstead ofx: 2jAj. We write A B i:

{ wheneverx: 2 Aandx: 92 B, Ois de ned; and
{ wheneverxi! Xz; X2! Xz;:::;Xnp 1! Xp alternately in A and
B (n 2), we havex; 6 Xp.

Then A B,denedi A B, is the following action type.

{ x: 2jA Bji either (1) x 2 (f(A)nfn(B)) [ (fn(B)nfn(A))

and x: occursinA or B;or (2) x: °2 Aandx: %2 B and
- 0 00
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} d®'

b:(® do'
(1) a:(t)w < ® b(t)w < — a:(t)w< e3(f)¢ , b$
c:o!

e c:o'

b’ do’ by 40

@ aqw' < ® b < — az(rﬂ% e’
c:@m’? e’ c:®?

Fig. 1 Composition of Action Types (taken from [46]).

{x! yinA Bi x:.y:c2jA Bjandx = z1! 2z 2!
Z3;::::Zn 1) zZn =y (n 2) alternately in A and B.

The de nition of  on action modes is as in the rst order case [46].
As an example of the typing discipline imposed using , a:bj ba be-

comes untypable ([46] lists more examples). We note that on action

types is a symmetric and associative partial operation withidentity ; ,

cf. [46]. Figure 1 shows two examples of composition betweeaction

types using . In the linear case, ordering from/to nodeb disappears.
On the other hand, in the replicated case, we keep the origineorder-

ing because i(y):P remains persistent. Note how shared?-channels
are duplicated in the syntactic representation.

Typing Rules.  The typing rules are given in Figure 2. To simplify
the presentation, we assume all newly introduced types to bevell-
formed. Some notation:md(A) denotes the set of modesA=x is the
result of taking o nodes with names in x from A. A;B is the graph
union of A and B with fn(A)\ fn(B) = ;. x: ! A is a result of
adding x: to A with an edge fromx: to all of A's active nodes;
A is an A such that x 62n(A); and pA indicates md(A) = fpg.

The (Zero ) rule types 0, assigning it the 1-mode since there is
no active output. As 0 has no free names, it is not being given ray
channel types. In (Par ), 1 2 ensures single threading because
composition of two processes that are bothomoded is prohibited.
Similarly A B guarantees the preservation of determinism and
strong normalisation, in addition to consistent channel usage like lin-
ear inputs being only composed with linear outputs, etc. In Res), we
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(Par) (Res)
(Zero) TP LA (1=152) T PLAX
Al A 2 md( )2f!;lg
10, Y, LPijP2 AL Ap Y ( X)PL.A
(Weak) M )
md( ) 2 2:1g (In%) (xi 2ftv(A;B))
S ) COP .y~ "ATG B
T Ax . TIX(¥):P . (x:8x:(~)*! A);B
(In') (x; 2 ftv(A)) out)y  (x; 2 ftv(~))
ToP .oy 2A i = if=xg
CIIX(P)P X :8xi(~)' A Y oXhy L x (9% (~)PO yi -

Fig. 2 The polymorphic sequential typing rules.

donotallow ", ? or #-channels to be restricted since they carry actions
which expect their dual actions to exist in the environment. (Weak)
weakens withl and ?-nodes since these modes do not requiferther
interaction. (In*) ensures that x occurs precisely once (byA™; B )
and no free input is suppressed under a pre x. In addition, this rule
introduces universal quanti cation. The side conditions prevent cap-
turing free type variables. This is in accord with the corregponding
rules of the second-order -calculus. (In') is the same as [n#) except
that no free "-channels are suppressed. This is because"achannel
under replication could be used more than once. Finally in(Out) ,
we assumey; = y;j implies j = j in y:~ where ~ means pointwise
dualisation of ~. This rule also adds existential quanti cation.

Simple examples of sequential polymorphic processes follo(ex-
pressions in the rst three examples are from Section 2).

Example 1. (linear polymorphic processes)

1. Let I £ 8x:(Xx?(x')")'. Then, recalling idmi Z1x(yz):ztyi, we
have:

Tridhki Lx ozl
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2. RecallB £ 8x:(xx(x)")', thyi £!y(aya2z):zheyi, thyi £!y(a1a2z):zhayi,
def,

and nothcwi =! ¢(a1a2z):Whayas zi. Then we have
T thxi . x B

T fxi . x B
Y nothxyi . x :B;y:B

3. We have " ox(yz)(thyij z(w):&(c)nothewi) . x : (B(B)*)?:e:(B)".
4. Let

if x then Py elseP; £ X(bibyz)(!by (va):P1j!by(va):Pyjz(b):bhwai):
Then we have:
if X then Py elseP; jthxi!! P1ijthxij ( b)'by(wa):P2 Pqjthxi

where s the standard untyped weak bisimilarity. Symmetrically
for if x then Py elseP,jftxi. Assume” oP12. ¥:~’;a: . Then
we can type:” oif x then Py elseP, . x :B;v:~";a: "

5.With n 0, let

fwiyt =1x(ai:anb):yhesiag bi

which we call the forwarder of arity n + 1. Then

Cifwiytox 8yt ) L y 9z 1t g )Y
for arbitrary types ~ and , provided that md( ;) = 'andmd( ) = #
The vectors y and z are neither required to coincide in length
nor depend onn. For most applications we will choosey = z =
ftv(= ). Then we can check

S w)(fwit j wpat) L x s 8yi(Can ) Ly 9z ( 1 )7

that is the composed process has the same type etWQ;l, while
( w)(fwiitj fwih*ly is untypable because k: ! w: )6 (w:
I ox:7).
6. The -calculus allows us to implement the booleans in various
ways [7, 8, 33]. One of the standard representations is callethe

Polymorphic Booleans given as:

T= t:ft; F= tff; Not= b:t:f: (bf)t
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In System F, the type of the two boolean values isB = 8x:x )

(x ) x). These terms can be translated into processes as fol-
lows, using the uniform encoding which we shall study in detd in
Section 7.

[Tle = u@'a(y):y(c)c(tm):m(d)!d(fn ):mhti

[Fl. = u(a)a(y):y(c)'c(tm):m(d)d(fn ):mHf i
[Not]y = u(a)!a(b):b(c)!c(eg):g(h)th(tk):k()!(fr ):P
P =( s)(ehsij s(v):vhri)

In spite of indirections, the correspondence in behaviourbetween
processes and -terms should be clear. The System F boolean type
is mapped to

B = 8x:((X7((X7(x))))))":
Then we can easily derive
“o[Tl.u : (B); “ofFlu-u :(B)"; and " o[Not]y.u : (B )":
Applying Not to T is also typable as:
"o t)(I[Th j t(v):( n )([INot]n j n(w):vhwui)) .u : (B )’

We will later see that this last process is the translation of the
System F application (Not T), located at u. It is contextually in-
distinguishable from [F]y.

. The encoding ofB in the previous example can be generalised to

[n] £ 8x:(x)_()__%) X

This type will later be translated to

B X G (7 007)) ) =)D )"

The n selectors are the CBV translations of ' = X:X 1::XpiXi:
[ "u=a(@'a(xibr)::by 1(an)'an (Xnr)rhx;i:
A simpler form of n-ary choice is h] £ 8x:(i(_{£_>}(f)")! with the

n
selectors being of the formxhyi:::ynrithyji. Sometime we don't
want just a nite number of choices but rather in nitely many .
The Church Numerals [7, 8, 33] are a way of representing the nat-
ural numbers without recourse to base types in pure calculiike
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System F: a numbern is simply the n-fold application of a func-
tion f to some variable x. This is the unary representation of
numbers. Polymorphism is needed to de ne the arithmetic opea-
tions. Church Numerals are of the form:
CN(n) = x:f X Xix X:fof x

{z}

T n
and their type is CN = 8x:((x ) x)) (x) x)). A translation
into the second-order -calculus is given as:

CN = 8x:(((x' (X*)H7 (X7 (x")))))")!

We will later see that T(a)!a(b):b(c)!c(fe):e(g)!g(xh):f xhi is the
CBYV translation of CN(1), located at u.

Remark 1. We illustrate the key constraints the typing system en-
forces on processes.

1.
2.

3.

(G2l -N

7.

All processes must be well-sorted.

Each linear name is used exactly once for input and exactlypnce
for output (but one of these uses may be by the environment).
Each replicated name is used exactly once for input (the seer)
and an arbitrary number of times for output (by clients). Some of
these uses may be by the environment.

. There is no circularity in name usage.
. Inputs are always availablewhen a corresponding output is made.

By that we mean that it can never happen that an output particl e
xhyi becomes active and the corresponding input orx is available
only later, after further interaction.

. Processes always alternate between inputs and outputs,d. if a

process does an output, then the next visible action of its cutin-
uation will be an input and vice versa.
Each typable process has at most one active thread (outpyt

These constraints come from the corresponding rst-order yping sys-
tem [46]. Di erent constraints play di erent roles: (1) is t he basis of
diverse notions of types in the presence of polyadic name psisig
[28]. The next three, (2), (3) and (4) are at the heart of the present
typing system. They ensure strong normalisation and lineaity. The
di erence between the present typing system and [46] is thathe for-
mer extends these constraints to more processes by addingcemd-
order quanti cation. (5) and (6) make the calculus syntacti cally more
tractable without losing expressiveness. They curtail theshape of ty-
pable processes quite strongly so as to make them more amerab
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to analysis. (7) emulates the behaviour of functions and otler simi-
lar entities such as procedures and objects. It is also reqéd is for
sequentiality, allowing precise embedding of sequential plymorphic
functions. Finally, (4) is crucial for strong normalisability and full
abstraction.

These constraints delineate a speci ¢ class of process behaur, in
this case strongly normalising deterministic polymorphic processes.
One can take o some of these constraints to have di erent clases of
behaviours, cf. [20, 21] (we believe that the lack of sequeraity may
not change the class of behaviours substantially, cf.[46x5.3], simi-
larly for IO-alternation). We can also add behaviour represntable
in untyped -calculus, such as control-like behaviours or references.
The central aspect of these typed -calculi is that, while delineat-
ing various classes of behaviour, the term formation rulesgentring
on parallel composition, restriction, and pre xing, are common to
all. Di erences arise from di erent constraints on what com position
each system allows. This allows us to combine di erent classs of be-
haviours uniformly, as experimented in [20]. It also gives aprecise
understanding of di erences among classes of behaviours)laepre-
sented in typed name passing processes. Another important erit of
representing behaviour as processes is that general reasog meth-
ods such as bisimilarity are uniformly applicable to di erent classes of
behaviour. This leads to a uniform understanding of these m#nods.

Regarding the linear polymorphic -calculus per se, the class of
behaviours thus delineated owns the fundamental elementsfmame
passing processes which are nonexistent in functional anagues like
System F. The obvious but nevertheless important point is that lin-
ear polymorphic processes are still based on an algebra of ma& pass-
ing processes, whose fundamental operator is parallel coropition.
This is shared with all other typed -calculi. All operations are now
name passing interactions, and the di erence between genar and
non-generic computation arises as the di erence in the way ames
are communicated (free or bound), as we have seen in Section 2
The shape of the theory, in particular treatment of quanti ¢ ations,
is completely symmetric, which has fundamental e ects on vaious
elements of the theory, for example polymorphic bisimulatons in Sec-
tion 5. The ne-grainedness of name-passing also enables grise em-
beddings of call-by-name, call-by-value and call-by-nee@&ncodings of
polymorphic functions by simply changing the translation of types
(whose semantic di erence becomes clear in divergent compation).
In summary, linear polymorphic processes o er a tool for repesent-
ing and analysing purely functional polymorphic behaviours as name
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passing processes, where the key elements of polymorphismdwn
for pure functions, including types, terms' behaviour, egualities and
reasoning techniques, are repositioned in the general raal of inter-
acting processes, exposing their hidden symmetry.

Remark 2. Asin all known typed -calculi, even if two untyped pro-
cesses are equated in (say) untyped bisimilarity, and if onds typable
in the typing system, this does not mean another is also typalte. A
simple example is (untypable) ( x)x:P, which is strongly bisimilar

to (typable) 0. Another example is x:( y )(yjy) and (y)x:(yjy). In

fact, for an arbitrary processesP, P is always weakly bisimilar to
Pj( »)Q for an arbitrary Q such that fn(Q) f xg. Note this means
that in order to guarantee typability's being closed under dbserva-
tional equivalence in a compositional typing system, everyprocess
would have to be typable.

Remark 3. Unlike Turner's calculus [43], the present type discipline
records existential and universal quanti cation as mutually dual quan-
ti ers. This duality is central to the semantic and syntacti ¢ results
in later sections. The operational content of type instantiation in the
explicitly typed counterpart of the present system is essetially iden-
tical to Turner's one.

Henceforth, we shall make extensive use of the standard vable con-
vention, which we often write VC from now on, which says that al
occurring free names in proof trees are dierent from all ocarring
bound names. The next lemma justi es the VCs.

Lemma 1.

1. Let be an injective renaming. Then, for any proof-tree T of °
P.A, T isaproof-tree for™ P .A

2. Let _be an injective renaming of type variables, respecting duidy,
i.e. (x)= (X) as well as action modes. Then, for any proof-tree
Tof> P.A, T isaproof-tree for™ P.A

Proof. By induction on the shape of T. u
Proposition 1. If © P.A andP Q,then” Q.A.

Proof. By induction on the derivation of P Q. See Proposition 26
in Appendix A. w1

Lemma 2. If © P.A then™ P.Af<=xg.

Proof. By induction on the derivation of = P .A. See Lemma 28 in
Appendix A. w1
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Lemma 3. Assume’ P.A and Afx=wgis de ned. Then = Pfx=vg.
Af x=vg.

Proof. We showAf x=vg de ned implies = Pfx=vg.A fx=vg, by rule
induction. See Lemma 30 in Appendix A.

Lemma 4. Let v and y be two tuples of names of the same length
such thati & j;y; = y; implies ; = ;. Assume furthermore that v
and w are all fresh and distinct names.

1. Assume a type"A; B; v : ~* Then (A;B; v : ~)fy=vg is de ned
and equalsA; (B y: ).

2. Given the type?A;v: ~:w: " Then (A;v: ~w : )fyz=vwg is
de ned and equals(A y:~);z:

Proof. By straightforward induction on the length of v. 1

Lemma 5. (1) If?2A "B andx: ' Bthenx: ! A B.(2
A 7A; 3)7A C,B CimpliesA B C.

Proof. Immediate from the de nitions. u

Theorem 1. (subject reduction) If © P . A and P ! Q, then
T Q.A.
Proof. By induction on the derivation of P ! Q. There are two in-

teresting cases. The rst one isxhyijx(¥):P !  Pfy=vg. We proceed
by induction on the derivation of the typing judgement. If th e last
applied typing rule was (Weak ), the result follows immediately from
the inner (IH), otherwise the inference was

. if..:x-g;xigftv("-) ‘oP.V'::;"A X;B X X—gﬂV(A;B)

" (out) = (In%)
Soxhy L x i 9xi(~) Gy~ TIX(W):PLBix 18x(9)" 1 A

SO X(WP . (AB) yiT= XA(B yio)
where we assume

X:9x:(7) iy~ Bix:8x:(~)f! A

(Par)

as a hypothesis for the application of Par ). W.o.l.g. we can also
assume (Weak ) is not used between (n*) and (Par ) (Weak ) & ,
(Par ) by Lemma 26 in Appendix A). By the (VC) we can assume
that ¥ and y are disjoint. Since by Out ) i 6 j;y; = y; implies
7 = [, we apply Lemma 4 (1) to see that ¢~: ~A;B )fy=vg is
de ned and equals A;B) y: ~whichis A; (B y: ~). Hence by
Lemma 3, oPfy=vg.A; (B y: ~): Now Lemma 2 ensures that also
T oPfy=vg. (A; (B y:~)f=xg: But fxg\ ftv(A;B) = ;, hence we
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have

(A;(B y:-)f=xg=A;(B y:~f=xg), soin fact  oPfy=vg.
A; (B y:~). A nal application of ( Weak ) on x establishes the
result.

The second interesting case is much as the rst, but more com-
plicated: Xreyij !Ix(wv):P ! Pfzy=wvgjlx(wv):P. We proceed by
induction on the derivation of ~ oXteyij Ix(wv):P . A. For usage of
(Weak ), the result follows immediately from the inner (IH), other -
wise the inference was

i= if=xg, y= yf=xg Xxi Zftv(~) ‘OP'V:_V;W::;?A "
(out ) — (In")
T Ix(wv):PoLox o 8xi(~y) !

—2

T oXheyi L x :9x:i(~ y)?;y:_;,;ZL: ~
T oXheyij Ix(wv):P . (x : 8x:(~ y)’ LA (y:y;2i~)

By the (VC) we can assume thatf z yg\f w;vg= ;. (Out ) guaran-
tees thati & j;z; = z implies ;” = 7, which means we can apply
Lemma 4 (2) to be ensured of ¢ : —y;w : ~A)fyz=wrg's being de-
ned and equal to y : 7y;(2: ~ A). Hence by Lemma 3, Lemma 2
and x 2 ftv(A):

(Par)

ToPfzyawvg.y Ty (2~ A)

By assumptions, we haveiz~ ~ x : 8x:(~y)' ! A. Hence in
particular z : ~ A and we can formz: ~ A. By construction
x 2 fn(A) and, as we don't have recursive typesx 2 f zg. But then
by Lemma5: (z:~ A) (x:8%x:(~y)'! A)is dened and equals
(x : 8x:(=)' ! A) =z:= Adding the linear output thus means
that (y: y;(z:~ A)) (y:y:(z:~ A)isdened and equal to
(x:8%x:(~y)'! A) (y:7y;2:~): Thus we may compose

T oPfay=awvgjix(wv):P . (X : 8x%:( y~)! LA (Y Ty z:i~)

as required. The remaining cases are all derived from the oet (IH)
and Proposition 1. wu

4 Strong Normalisability

Strong normalisability (SN) is a signi cant property of the second-
order -calculus, which is closely related to the parametric natue of
its polymorphism [16]. This section shows that this propery has a
precise analogue in polymorphic linear processes. The prbextends
the SN proof for the linear -calculus in [46] (based on type-directed
predicates combined with acyclicity of hame usage) to the ssond
order case. The extension uses ideas due to Girard [17] and Admsky
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[2], constructing \reducibility candidates” [16] based on closure under
double negation.

From the viewpoint of theories of types for processes, the flowing
result and its accompanying proofs are interesting as a demstration
of how a duality-based type structure leads to a strong opertional
property of typed processes.

We rst list basic properties of the reduction relation in ty ped
processes. Below and henceforth we use the following notatis.

{P+Q * P1 Q6! .
def def

{ P+°9 QP +Q.Further, P* 8 n2N:P! N,
{ SNP) 0 P
def

{ CSNP) ;= SN(P)" (P +Qu2) Qi Qo)

Proposition 2. (determinacy) Let ©~ P .A. (1) P ! PO and

SN(P9 imply SN(P). (2) P + Qi (i = 1;2) imply Q1 Q2. (3)
P+ , SNP), CSNP).

Proof. We rstnotethatif P! Q; (i =1;2), then either Q1 Q>
or there exists R such that Q; ! R (i = 1;2). Then the rest is
standard following Proposition 2.2 in [46]. U

Another important property follows. The proof is as in [46].

Proposition 3. (acyclicity of names) G(P) denotes a directed graph
such that; (1) nodes arefn(P); and (2) edges are given byx y vy

i P ( ®»QjR) suchthatQ x(w):Qg or Q  !x(w):Qg where

y 2 fn(Qp), X 62 #Zg and y 62 wg. A cyclein G(P) is a sequence of
form xy yiiiy vay x(n 0) with y; 6 x. Then G(P) has no
cycle.

The main theorem in this section follows.
Theorem 2. (strong normalisability) ~ P .A ) CSNP).

We prove the above result following three steps. First we dene the
extended reduction relation 7!, which eliminates all cuts (mutually
dual channels) in a typed process: sincg! properly includes !
the above theorem is an easy corollary from the termination 6 7!.
Next we de ne semantic typesh#; i of type A and , which are
sets of typed terms that converge when composed with all comnlp-
mentary processes. This part is divided into two stages. In he rst
stage we de ne a certain kind of \atomic" processes callecconnected
which cannot be decomposed into two other processes. In theesond
stage, we de ne the semantic types based on the reducible cdidates
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over the connected processes. Finally in the main lemma, werpve
that each typable connected process is in the correspondingemantic
type. Since there exists a translation from a typable proces into con-
nected processes, termination of the former implies that othe latter,
concluding the proof of Theorem 2.

4.1 Extended Reduction

In this subsection, we introduce the extended reduction relation 7!
and its key properties. The idea of7! is to capture known process-
algebraic laws as one step reductions. We de n&! as the typed com-
patible relations on typed processes modulo which are generated
by the following rules.

(E)) C[xhwiljx(y):P 7! C[Pfw=yq]
(E2) CIxhw]j'x(y):P 7! C[Pfw=yg]j!X(y):P
(E3) ( X)Mx(p):Q7'0

Here we assume that the term on the left-hand side in each rulés
well-typed and that x is not bound by C[ ], whereC[ ] is an arbitrary
context. 7! is called the extended reductionrelation. A process is in
extended normal formif it does not contain 7!-redex. P +¢, SNg(P)
and CSN,(P) are given following P +, SN(P) and CSNP) except for
using 7! instead of ! . A 7!-redexis a pair of subterms which form
a redex for 7! in a given term.

As in Proposition 3.1 in [46], we can prove a subject reductin
theorem w.r.t. 7! and a CR property of 7!.

Theorem 3. (subject reduction for 7!) If © P .A and P 7! Q then
also” Q.A.

Proof. By induction on the derivation of P 7! Q with a nested induc-
tion on the structure of C[]. The two non-trivial cases follow from
Subject Reduction for! . wu

Proposition 4.  (determinacy) Let all processes be typed below.
If P 7! P%and SNo(PY then SNo(P). Thus P +c i SNe(P) i
CSNy(P).

Proof. Like [2, Lemma 7.10].

We also list the key properties of the extended reduction whih are
used later.

Lemma 6. Let ©= P .A. In addition, for all statements below, apart
from (3), we assumeP 67!
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=

Af A=B;x I thenx 2 fn(P)and™ P .B.
2. If for some x, md(A(x)) = # thenP  Qjx(¥):R. If md(A(x)) = !,
then P Qj!x(v):R.

3.1f =1 and for all x 2 fn(A) md(A(x)) 2 f* ;?g,then P 0.
4.1f = oand for all x 2 fn(A): md(A(x)) 2 f* ;?g, then A is of
the form x : 9x:(~)P;y: 7B where ; = f=xgandx; 2 ftv(~).

In addition, P Xhyi and all the names inB are introduced by
weakening.

Proof. By straightforward induction on the derivation of =~ P . A.
wu

Lemma 7. Assume™ P .A andP 67lLetlf =1andA = x:B,
thenP thxi or P fhxi.

Proof. By rule inductionon © P .A . Below the numbers (1..4) indi-
cate those in Lemma 6. Clearly, neither Zero ) nor (Out ) not (In¥)
could have been applied last. If Par ) was used, it must have used
1Q.x :Band | R.B as premises. By (3) thenR 0, so we
can just use the (IH). If the last inference used Res) to infer from
"1Q.x :B;a: ',weknowby (2)that Q Rjla(¥):S. Now a 2 fn(R),
for otherwise Rjla(v):S ! , contradicting our assumptions. But then
Q Rj(a)la(w):S!" R, also a contradiction. Hence we must have
restricted from *, Q.x :B;a:|. But (1) tellsusthat P  Qj( a)o.
Now we apply the (IH). If ( Weak ) was applied, we use the (IH). This
leaves (n'), where " oQ .t : X;f : X;f : (x)" was the premise, then
(4) guarantees thatQ thi or Q TH i, completing the proof.

4.2 Connectedness

A basic syntactic notion in linear processes isconnectednesswhich
is used extensively in the subsequent proofs. In essence,neeected
processes are those which cannot be separated into two noniial
processes, characterised via types as follows.

Denition 1. Let A be an action type and either 1 or a (A; ) is
connectedif one of the following holds.

{ =1 and either A contains a unique!-node and zero or more
?-nodes, orA contains a unique#-node, a unique"-node and zero
or more ?-nodes.

{ = oand A contains a unique"-node and zero or more?-nodes.

If (A; ) is connected, the unique"/! node ofA is its principal node.
Types of mode"/! are often calledprincipal types. We call processes
which have connected typesconnected
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By typing system, any input, replication and output are connected.
As examples, (&:bj !bT) is not connected, but ( b)('a:bj !bT) is.
Similarly a:bj eT is not, but ( bé(a:bj bej eT) is.

Connectedness has both practical and theoretical signi cace. First,
in many practical examples including the embedding of progamming
languages, it is often enough to consider connected process Second,
any process of an arbitrary action type can always be decompmsed
canonically into connected processes, so that results abbaonnected
processes easily extend to non-connected processes.

Lemma 8. If © P.A thenP ( %) 2P suchthat™ P;.A; and
(Ai; i) is connected for alli. In addition, if x 2 dom(A;)\ dom(A;)
andi 6 j, then md(A(x)) = 2.

Proof. Straightforward by rule inductionon ~ P .A. w

By replacing (Par) /(Weak) by (Par .)/ (Weak ) below, and delet-
ing (Res) , we can generate all and only connected processes up to
as follows.

(Par ()

TUPAT A (Weak ()

( iAj=¥ ) connected “oP LA X

md( iAi(yi)) 2f!;lg md()=7?
0w P (A “oP LAIX

where we use the following notations, assuming a familyAigi»; (I =
f1,2;:::;nQ).

A : (r=3)
i AL A, A, (I 8 ;;if de ned)
T (I=3)
b 1 2 n (I 8 ;;if de ned)
i2t Ai =(81 211 jogigAj) N (B 210 A i2ifighj)
Vv
i21 i = isj(i j)

By de nition, ij2; Aj and i,  are always true whenl is empty
or a singleton. P; is the standard n-ary parallel composition. Note
in the conclusion of (Par ), shared names are immediately hidden
by the restriction, to make the type connected.

Call the resulting system, connected typing systemWe observe
the following result (cf. Proposition 3.2 in [46]).
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Proposition 5. 1. Let (A; ) be connected. Then if P .A is deriv-
able by the original typing system, then for som® Py, we have
* Po.A in the connected typing system.

2. If each process of each connected type.-converges, then all typable
processeste-converge.

Proof. (1) is mechanical by rule induction in Figure 2 and the con-
nected typing rules. For (2), see Appendix B. 1

4.3 Candidates

A prime with type x : (with  an input or output type, similarly

hereafter) is a typed process P .A such that A(x)= and (A; )
is connected.P +¢ means9Q:P 7! Q 67!Py,. ; denotes a prime with
type x: . For a setU of primes with type x: , we de ne:

U? % P, j8Q2U:( x)(PjQ) +eg:

In PjQ above we assumén(P)\ fn(Q) = fxg by appropriate renaming

of other names, similarly in the rest of this section.

Proposition 6. (1) U?? . (2) Uy U ; implies Ufs Usj.@®3)
77?7 = U? I§ence( ) T is |dempotent 4 U =(,U)’.(5

(W7 —( L U7)? U7

Proof. Standard. (3) and (4) use (1) and (2). (5) is by (4). u

We are now ready to de ne a candidate. Below we writeU +¢ when
P +c foreachP 2 U. Let be aclosed type such thatmd( ) 2f!;"g.
Then a candidate of type is a setU of primes with type x: such
that U?? = U and U +.

Candidates are de ned only for modesf!;"g, which is enough by
duality. By Proposition 6 (3), U? is always a candidate forU 6 ; of
mode ? or # We note:

Proposition 7. For each closed type with modé;", there is a non-
empty candidate of that type.

Proof. Clearly !x(y):zhyi 2 C is in the candidate with type 8x:(~)'
and xXhyi is in the candidate with type 9x:(~)". u

C; C%::: range over candidates. We writeC for a family of candidates
fCxoxon With each G of type x: , which are closed under injective
renaming (i.e. if ;G 2 C then Cy G yx Where ¥ permutes
x and y). We call such a family an abstract candidate Note that
candidates may have more than one renaming orbits.
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4.4 Typed Predicates for Termination

A (typed) predicate of type ( closed), written P : , is a family
fP xgx2n , Of which each Py is a set of primes with type x: , which
are closed under injective renaming (as before). Note an abmmct
candidate is a special case of a typed predicate. We now de nmaps
on typed predicates as follows.

(p!) (P1::Pp)}
ZfPjQi2Piy, P XhWiiyai Qi & Qn 12Pny,g
(P") (P1::Pn)x € fXhy1iiyni Q1 i QnjQi 2 Piy, g%
(p-8) 8x:P[x]x £ fPj8PCP 2 P[PYyg
(p-9) X:P[x]x £ fPjOPCP 2 P[PY, g7

We assume all mentioned processes, types and substitutiorzsse well-

typed. In (p-!) and (p-"), if P; is a predicate with type x, then P Q;

stands for P otherwise ( fn(P)\ f(Q))(PjQ). PYP] is the result of

applying a function P9 ] over typed predicates toP: herePq ] should

be typed as (say)x 7! so thatif P is of type then P9P]is of type
f =xg. A brief illustration of these rules:

{ In (P)', we require any prime in the resulting predicate to be-
come a \value" (i.e. a process with"-type) when composed with
\resources" (i.e. processes with?-type). In (P)", we construct a
set of primes from components and close it under double nega-
tion. Note that by Proposition 7, there always exists Q; such that
Qi 2 Piy,, so that the relation is well-de ned.

{ In 8x:P[x], we ask for convergence under alP? -closed predicates,
i.e. candidates. The use of candidates is necessary sincergmonent
predicates do not come from induction. Dually 9x:P[x] requires
convergence under som&? -closed predicate, and takes the?? -
closure (cf. [38]) of the resulting processes.

Proposition 8. (1) If each P; is a candidate then(P)P (p2f!;"g)
is a candidate. (2) If PYC]: % =xgis a candidate for eachC with
md( ) = md(x), then both 8x:P°%and 9x:P° are candidates.

Proof. For (PP")' we observe:

P2(PP) , 8 S2PuP xhywi S2P = P?
, 8 S2P,; T2P?:P xXhywi S T+
, P2fxhywi S TjS2P,T2P°¢g’
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hence done (in the second equivalence we use= P?? ). For (p-8),
we use Proposition 6(5) to derive

\
(8x:P9?? =( PIP?? )7’
\P
-( PP 177),
\P
=( PYP”? )«
P
= (8x:PY,:

The remaining cases are immediate by de nition.

Using these actions, we de ne predicates for termination ateach (pos-
sibly open) type. Below we letmd(x) 2f!;"g. ranges overenviron-

ments, which are functions from type variables to abstract candidates
respecting modes.

hg 77 ) g (i chgi mhi )
H{ 12 n)i Z(hhai chhpi )
hxi € (x)
hh&: i = 8X:( P:hhi X7!P7-’)
th: i £ 9x:( P:Hhi y7p»)
Proposition 9. 1. hhi is a candidate.
me:Xgi = hhi x7'Hh i -
3. |fX2ftV( ),thenfhi =i y7c.

Proof. All are proven by straightforward inductions on the structu re
of , using Proposition 8 for (1). 1w

As an illustration of how hhi works, let us verify idhxi 2 hhli 4. By
(p-8) we have only to checkidhxi 2 (C(C)"); for eachC. Take Q 2 C,.
Then idxi  Xhywi  Q 7!? W(y)Q. Sincew(y)Q 2 (Q)" by (p-"), we
are done.

Finally we can interpret action types. By Proposition 5 (2), it is
enough to consider their connected subset. Let4; ) be connected
with principal node x: . Further let ¥ £ fn(A)nfxg. Then we de ne:

A, i EF P.AJB:(8Qi2MA(Y)i y,) ( W(Pj iQ)2mi xg

wherefn(Q;)\ fn(Q;) = (i 6 j) and fn(P)\ fn(Q;) = fyig for each
i.
By de nition we have:
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Lemma 9. If P2HA; i thenP +e.
A key lemma follows. The proof is given in Section 4.5.

Lemma 10. (main lemma) © P . A with (A; ) connected implies
P2HA; i.

By Church-Rosser of 7!, convergence implies strong normalisability.
Now Theorem 2 follows from Proposition 5 (2) and Lemmas 9 and
10.

4.5 Proof of the Main Lemma

To prove Lemma 10, we use the following properties. Below z is
the convertibility relation from 7! (i.e. the symmetric and transitive
closure of 7!).

Proposition 10.

1.1f P 70 P%and P%2 C then P 2 C.

2.1f PjQ +¢ then P +¢ and Q +.. Further if P and Q share only
output subjects thenPjQ +¢ i P +¢ and Q +.. Similarly for
( x)P, la(x):R and a(x):R.

3.IfP=¢Q and P +¢ then Q +.

4. let> P.A and | R.x: '! B7Y suchthat (1) A(x)= A(y)=
—and (2) fn(A)=x\ fn(B) = ;. Then ( xy)(PjRjRfy=xg) =
( x)(Pfx=ygiR).

Proof. (1) and (3) are by Church-Rosser of7!. (2) and (4) are by
de nition.

We now prove Lemma 10 by induction on the size of connected pro
cesses. We divide two cases: rst we prove the cases of type)fsthen

prove the cases fo8x: and 9x: . Throughout the following reason-
ing, we assumeA = z;: ;[;:;zy: [ and sethAi £ f ,QijQ; 2

HTi ., g, unless otherwise stated. (IH) stands for induction hypothe-
sis. Below we can safely ignore weakening since it does notect the

convergence.

Case x(y):P: Then by (In#), we have:™ | x(¥):P .x :(=)*! z: ";?A.
Fix R 2 Ai and let Q 2 h(~)*i . By the de nition of H{~)"i
we know Q +¢ X(¥)Q° 2 M(~)"i x with Q%2 hy: ~i. By (IH)
( fn(A) [f yo)(PjQ%R) 2 Mhi,, hence by Proposition 10 (1) we
have ( fn(A) [f xg)(x(y):PjQjR) 2 hhi ,, as required.

Case Ix(y):P: Let " IX(y):P .x :( 1 ,'1')! I ?B;C is inferred by
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(In*). Fix A = B;C and Q 2 hhyny,:~n i . Let R 2 hAi . Starting
from the (IH):

( fn(A) [T yo)(PIQIR) 2 i
) ( fn(A) [f xg)(!x(y):PiXhy1:ynij QjR) 2 th iy, Prop. 10 (1)
) ( M(A))(IX(¥):PIR) 2 H(=)'i « Def of H{~)'i

as required.
Case Xrei where type ofx is (~)": Let * oxXIei .A;x :(~)" be derived
by (Out ). Then:

Qi 2hTi ;) (A(XhEj Q) 2H(~)"i x (Def of H{~)"i )

as required.

Case xhyi where type of x is (~)?. Since ; 6 x, we assume’ ¢
( W(Xhyij Q i).A;x :(~)? is derived by (Out ) and (Par ) with
A=( iA), 1Qi.vi: i;Ai and x 62fn(A;). Fix ~ = i ¥ and
A = z: ";?B. Note Q, has a principal namez by typing. Now x

R2hBi and T 2Hh(9)'i . By induction hypothesis we have:

( In(AN(QijR) 27y, (i 6 n) (5)

as well as, for anyTp 2 hji oy,

( n(A) [f yn9)(QnjRjTo) 2Hi ;: (6)

By typing, we know T +¢Ix(y):T% Let Q2 Hiji o, (1 i n 1)
By the de nition of H{~)'i ., we have:

C yiyn (T 10 0 2QD) 2H40 (7)

We can now reason:

( A [f xO(XE QITIR) |
( In(A) [f xg)(X(¥) iQijix(:TYR)
7V ( fn(A) [f yo)( iQiiTYX(¥):TYR)
( (A [f yo)( iQijTYR)
=e( fn(A)[f yng)(QnjRjTi) (Prop.10 (4))
2 hhi (By (6))

where T1 £ ( ynya)(TY isn( f(A)(QijR)), which is indeed in
tmi 4, by (5) and (7).

Case for 8: Assume™ P .A[x:8x: ]. We have two cases, eithelP
is replication or linear input.
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Subcase md( ) = flg. Let dom(A) = fx; yg where A(y;) = ;. By
Proposition 9 (3) and x 62tv( 9, clearly:

8:8Q; 2 hii y,:( W(Pj Qi) 2hh,i
, 8 :18C8Q;i 2Mii y7cy (- WP iQi) 2z y7cy
, 8 18Qi2mii ,:8C( W(Pj iQi) 2hhzi x7c2
By (IH) we are done.
Subcase md( ) =#. Let dom(A) = fX;y1::yn;zg such that A(z) =
z and A(y;) = i for eachi. Fix and Q; 2 hji 5, (1 i n).
Starting from (IH), and noting hhi is a candidate (by Proposition
9) as well as using the de nition of ? , we obtain:
8R2HTi :( xy)(P] iQijR) 2hh.i
, 8 R2NTi x:8S2H,i?%, ( xyz)(Pj iQijR|S) +e
, 8 S2m;i % BR2M1TI «:( xy2)(Pj iQijR]S) +e
, 8 S2hh;i ?z BR2 M yxncxi( Xyz)(Pj iQijRjS) +e

C
. o [
) 8 S2hi%:( y2)(Pj iQijS)2 ( M xncw)’
_ [ N o
, 8 S2m,i?,:8R2 ( M xncx)” «( xyz)(Pj iQijRjS) +e
C

, 8 S2H,i?,8R2MX:Ti «:( xyz)(Pj iQijRjS) +e
, 8 R2MX:Ti x8S2HM,i%:( xyz)(Pj iQijR|S) +e

Case for 9: Assume™ P .A[x:9x: ]is derived from~ P .A|[x:
[ &x]]. First, let md( ) 2 f'g , and dom(A) = fx; yg where A(y;) =
i. We also assumex is a principal port. Starting from the (IH) and

using Proposition 9(2) and x 62tv( 9, we calculate:

8:8Q; 2 M . :( Y(Pj iQ)2mf xgi,
, 8 18Qi2mii y,:( WP iQi)2hi y7ma y
) 8 :8Qi2mii y.:( W(Pj iQ)2MX: iy

as required. The case wherx: is not principal is an exact dual to
the corresponding8-case, hence is omitted.
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Case ( w) Qi P;: This term is inferred from (Par (). There are four
cases forx principal:

1) ( w)(Xhyij R) wherex's mode is"

(2) ( w)(yhyxij R) wherey's mode is? and x's mode is"
3 ( w('x(y):QjR)wherex's mode is? and x's mode is"
4 ( w(b(y):QjR) whereQ contains x and x's mode is"

Cases (1) and (2) are the same as the cases of the linear and hep
cated outputs above. Case (3) is also identical with the reptation
case above. For Case (4), we use the same proof method as thdt o
[46, Lemma 3.8], using the acyclicity of name usage (Propasbn 3),

re ected on the acyclicity of causality chains. Finally, after applying

7! following the strategy in [46, Lemma 3.8], it coincides with either
Case (1), (2) or ( w)(b(y¥):Q% R) where b62 fvg [ fn(R) and Q°has
a form of either Case (1) or (2). Then we repeat the same routig.

We have now exhausted all cases.u

5 Generic Transitions

This section discusses generic labelled transitions and sgciated equiv-
alences. While our presentation focuses on the linear polyorphic -
calculus, the construction applies to other classes of bek#ur. The
duality principle strongly guides the construction. We begn with an
informal sketch of basic ideas.

Setting up process semantics with a reduction relation is @gant
but may not lead to tractable reasoning because the de nition of
equality quanti es over all contexts: to prove P and Q are equal, we
must show that C[P] and C[Q] are observationally indistinguishable
for all contexts C[]. While typing reduces the number of contexts,
there are still in nitely many to consider. This is where lab elled tran-
sitions come to help. They can be considered as a nite represta-
tion of the in nite set of contexts. But what are transitions for the
second-order linear -calculus?

The key di erence from untyped/ rst-order calculi is that w e now
have two di erent forms of input transition (and, by duality , of output
transition).

1. The import of a namey on a channelx, where the environment
may partially hide y's type by existential quanti cation (which is
universal abstraction for the process). This restricts wha we can
do with y but does not constrain the names we may get vix: we
must be prepared to input in nitely many names along x.
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2. The re-import of a name x that we have exported earlier. Al-
though the environment was restricted by existential quant ca-
tion in what it was allowed to do with x, the process itself knows
the concrete type ofx. Since it is a re-import, we can only have
exported a nite number of possible names, so there are only a
nite (and in comparison with (1) small) number of names that
can be inputted.

To put it crudely, in (1) we must be ready to receive many names but
we know very little about them and can consequently only use hem
in very restricted ways; while in (2), we can only get a few nanes, but
we know a lot about them and may use them in complicated ways.
Observe how the duality in type structures plays a fundamentl role.

For reasoning, receiving fewer names is better because it raeps
fewer transitions, which in turn means fewer cases to checkOn the
other hand, knowing a name's full type is advantageous, beasse we
can convert free into bound outputs. Bound outputs are easie to
reason about because we can always assume that all output nams are
distinct and not occurring in their recipients. The transit ion system
to be presented tries to take advantage of both phenomena: fadoing
so in full generality, however, we need some preparation.

Suppose a process hides a name by existential quanti cation.
Then it removes type-information which prevents x's recipients to
replace free outputsyhxi by bound onesy(x9[x°! x]where k%! x]
is copy-cat agent [12, 20, 23, 46, 47], which links two namesebwveen
x%and x, for example k°! x] = x®x. There is simply not enough
type information to know what type [x°! x] should forward. The
idea of the labelled transition below is to use bound outputsas much
as possible while having as few transitions as possible. Tochieve
this, we 'instrument' the typing system with additional inf ormation
about whether a process uses a name as described by (1) or by)(2
The key problem is to track the \change of types" as an existetially
abstracted name ows from its producer to consumers and backWe
do this by having two forms of type variablesx® and x8. If x has type
x8, then x was received and its sender has hidden the true type by
existential abstraction. Then we cannot use copycats to foward this
name. We must freely output x instead. If x has type x® in a process
P, then P is its \producer". P knows that the true type of x is ,
but to the outside P exports x typed by a type variable, preventing
all recipients from using x as a subject in communication. But x
can be emitted in bound form. In this way, we keep track of whidh
names have already been exported under existential quantcation.
In summary, type information is used to decide whether a nameis
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output freely or not, and to restrict the set of possible input subjects
when re-importing existentially abstracted names.

5.1 Types for Generic Transitions

Transitions use an extended typing system where type variales in
action types are annotated by quanti cation symbols (as x® and x?,
called universal type variable and existential type variable respec-
tively). The original free type variables and 8-quanti ed variables are
naturally 8-annotated, while 9-quanti ed variables are 9-annotated.
Formally, types are now generated by the following grammar.

5= 0 oj | e x8jx9| j8x: | e x8jx90j9x°: o

We assume8x: only binds free 8-annotated variable xi8 in . Dually

for exists. In x°, is called its concrete type annotation Concrete
type annotations are only for free existential type variables, and are
not part of the type structure proper, in the sense that (among others)
they are always neglected in behavioural equivalences. Tlyeare how-
ever useful for having a simpler de nition of generic transtion (the

way to induce the same transition relation without concrete type an-
notations is outlined later). On the other hand, 9 and 8 annotations
are the intrinsic part of the type structure, and play a fundamental

role in characterising generic behaviour. In examples, wehall omit

concrete type annotations unless they are absolutely neceary.

We need to re ne the de nition of dualisation as follows.

x8 = X x9 = x2

8x: = 9x: fxgzxsg Ox: = 8x: fxB:xgg

For example 8x:(x8y8z9(x8)#)? = 9x:(x°y®Z2(x?)")!, assumingx 6
y;z. The de nitions of and are unchanged, using the new du-
alisation. We also extend ftv() and add a function ftv®() that re-
turns only existentially-annotated type variables: ftv(x8) = fx®;x8g,
ftv(x®) = £x2;x9¢[ ftv( ), ftv®(x8) = ;, ftv®(x®) = fx%;x9g[ ftv®( ):
The non-base cases and the extension to general action typese ob-
vious. The typing rules is found in Figure 3. Free 9-type variables
are introduced by (9-Var) ; (8-Var) is its dual. From now on, ex-
pressions of the form™ P . A will always refer to this new typing
systems, except where stated otherwise.
As an example of typing, we have, in the extended typing:

* othyij z(w):B(c)nothewi .y :1x%;z:(X%)": e: (B)*;
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(In*) (x} 2ftv(A;B)) (In')  (x} 2ftv(A))

ToP Loy "ATG B ToP .oy ?AT

CIX(P)P L (x8xi(=)F A)B T IX(P)P L x 8xi(~)' A

©u)  (fvO(~)=:)  (9-Var) x °2fiv() (8Var) x ®2ftv()
= if=x3g CPL.Af =x%g CPL.A
CoXhi L x 9xi(m)Poyi~ T PLA * P.Af =x8¢g

Fig. 3 Extended polymorphic sequential typing for generic transi tions. The re-
maining rules (Zero) , (Par) , (Res) and (Weak) have been omitted as they are
unchanged from Figure 2.

which abstracts away the type which is both for the resource ay
and for the value of the input via z.

Proposition 11. If © P.A inthe extended typing system and !
Q,then”™ Q.A.

Proof. Direct from the Substitution Lemma, see Appendix C.1. u

5.2 Generic Transitions

We rst give the set of action labels (I;1%:::) by the following gram-
mar.
I == xh( wzij X yzij

In the rst two labels, the vector v is made up from pairwise distinct
names and forms a not necessarily consecutive subsequenéeoThe
subjectx must not occur in y. The names inz-are objects while those
in y¥ occur bound Names not being bound occurfree. x(y) and xhg
stand for xh( y)yi and xh( " )yi, respectively, similarly for output
actions.

As in various other typed transition relations for the -calculus,
the essence of generic transitions is in the reduction of pegle tran-
sitions to the bare minimum ones for faithfully representing typed be-
haviour (or, more simply put, interactions between typed processes).
For this purpose the following predicates decide the shapefaaction
labels conforming to a given action type. Among others, the pedi-
cate dictates that a free output (resp. input) corresponds b a hame
typed by a universal type variable (resp. existential type variables),
following the idea sketched at the outset of this section. Fomally the
typed action predicate A © | is given by the following three rules.
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{ A" always.

{ A xh zwi whenfzg\ fn(A) = ; and A(x) = 8x:(~)P s.t.
w; 6229 i A(w;) = 77 where ; is an existential type variable.

{ A Xh zwi whenfzg\ fn(A) = ; and A(x) = 9x:(~)P° s.t.
w; 62%gi A(w;) = 77 where ; is a universal type variable.

Let A be an action type and| a label. We sayA allows| (cf. [12, 46])
when:

{ bn(l)\ fn(A) = ;; and
{ at least one of the following is true.

{ I'is an output with subject x and md(A(x)) = ?;

{ 1= ;or

{ |is a visible action such that sbj(l) Z fn(A).
This de nition means that we do not allow a linear input action
and an output action when there is a complementary channel inthe
process. For example, if a process has : | (resp. x : (~)') in its
action type, then both input and output actions (resp. output) at
x should be excluded since such actions can never be observeda
typed context [46].

Preview of the Generic Transition System. We are now ready
to introduce the transition rules. To simplify things we start by giving
just dealing with the monadic case at rst. We start from the standard
bound input rule.

(BIn# >, x(y):P.A 0 oP.A=xy : (A x(y))

This may introduce output-moded 8-type variables, which are used
as follows.

(Fout ") “oxhyi.A ™ L 0.A=x (A" xhyi)
We can now infer, using the replicated variant of the input rule,
idhki x2S id L x 1 o

Next we consider the dual situation of the above, starting flom bound
output.

Bout ') “oxtwi.A Tzt owl .z ! owi—

with A~ X(z ). Here [z! w] is copy-cat agent [12, 20, 23, 46, 47],
which links two names betweenz and w. For example, ! w] =
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Iz(x):W(y)y:x with = () ")' (the [z! w] agent is formally de-
ned below). This rule is best seen in view of the following senantic
equality between free and bound name passing.

Xtyi =g9 X(2)[2! Y] :

where = gg is the contextual equality de ned in x.5.3 (cf. Lemma 11
for the formal statement). Thus, by replacing a free output with a
more abstract bound output combined with copy-cats, we pregsely
obtain the e ect of the above transition.

(BOut ") may introduce input-moded 9-type variables, which are
used by:

(FIn % > x(y):P . A i oPfz=yg.A=x z:X (A z:X  xhzi)

In the side condition above, we pre-compose:X (assumingA z:X
by the side condition), which are types for opaque resourcesand
which are to be composed later (for illustration of this point see the
example below). This rule says that an input may receive chanels
for opaque resources which have been exported and which, trefore,
are free.

The pre-composition of resource types in the above rule depees
illustration. The following is the example of inference ushg the repli-
cated variant of (BOut ") and (FIn #) (note the following term cor-
responds to the examples in Section 2).

* o X(yz)(thyij z(w):R) . x :T;e:(B)’
A thyij z(w) B(c)nothowi .y X% 2:(X°)";e: (B)*
Y thyije(cnotheyi .y :x%:e:(B)"

In the second action, the base case of the derivation is:

*, z(w):e(c)nothewi .z 1 (X°)"; e:(B)* i o&C)notreyi .y :x°:e:(B)"

Note that the term does (and can) nhot own the input type at y at the
time of this derivation. To derive the action, we need to precompose
y:X? to the base, so that we have the following action predicate vid:

z:(x%) " ;e:(B)y:x° ° zhyi

which allows us to have the transition. In the nal con gurat ion, we
nd thyi of type y:x° gets composed, just as predicted by the pre-
composition. This illustrates the need of pre-compositionof resource
types in (FIn #). Before the formal de nition, we de ne the copy-cat
agent, which is also used in Section 7.
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It is well-known [46] that one can often replace free outputsby
bound outputs through the use of forwarding (equivalently copycats):
xhyi is then observationally indistinguishable from X(z)[z ! y]. In
the present calculus, we can always do this as long as the caed
name is not typed by a universally annotated type variable. The
reason is that in order to de ne appropriate forwarders, we reed to
know what types of data a name is intended to carry. If the only
information about a name is that it is typed by x® then we're not
sure how to forward. In this case, it must remain a free output As
bound outputs are mathematically easier to deal with than free ones
(because we can always assume that all the names we receivdlvie
fresh from the point of view of the receiving process), we wiloften
restrict our attention to processes that have as few free oyiuts as
possible. We now provide tools that make this idea formal. L& be
an input-moded type that is not a type variable. Then [x ! y] is
de ned inductively:

X! yPEO" E xwyyhvic  [x ! yPREEO) Eix(v)yhivi-

where w.l.o.g. the o;:::; i 1 are all universally quanti ed type vari-
ables, while none of i;::;; 1 is. Here
yhvi ™= (witiwy 1)(Fhvorvi awisiwn i Lwg 1y]een)):

The function con() is de ned below. If © P . A, then hPi* is

obtained from P by replacing every output Xhyi in P with Xhyi ™.

We omit further details of the de nition. P is maximally copycatted

if P =HPiA.

Lemma 11. 1.1f ~ oXhy . X : 9%x:(~)PO, E then Xhyi =gg Xhiyd ™.

2.1f° P.A,then’ HPiA A, P =g HPiA .A andhPi?
is maximally copycatted.

Proof. Straightforward. 1w

The generic transition relation ! ' s formally de ned in Figure

4. It is built on top of pretransitions | , also de ned there. Since a
type may carry both type variable(s) and concrete type(s), these rules
combine free actions and bound actions (s@in #), resp.(Out "), com-

bines (BIn #) and (FIn #), resp. (BOut ") and (FOut ")). In (Out) ,

we use the following function,con( ), when the object name is an ex-
istential variable: con(x®) = , andcon( )= with 6 x°. (Full)

is necessary to preserve compositionality of free linear mae passing.
A simpler, but less compositional alternative transition system can
be found in Appendix C.3.
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A w:i~= Ax w:i~ A w.~ XN Dwi
(In*) ,
xh( z)wi
TIx(y):P LA ToPfw=yg. A=x wi~
A w:i~ A w:i~ A w~ xN 3w
(In!) ,
xh( z)wi
1 X(p:P LA To X(W:PjPfw=yg. A w:~
i = con( i) AT XH z2)w’i
(Out) — ,
R . xh( z)wf z=ygi R ) _
o Xhwi . A izt oyt R~ oy~
P; . A 1f =x%g b PY.AS
T
(Com) Py A f=xBg  T—PJ.AY AL Az
ToPijP2 A1 Az Tol bn())(P{PS).A1 Az
|
P1.A1 CPYAY P2 A2 A1 Ayl allowed by A,
(Par) |
PijP2 . A1 A; C PP AY A
P.A * Q.B x 62n(l)
(Res) |
( X)P .A=x T ( x)Q.B=x
P.A .B
(Fulr Q
P.A ! Q.B

Fig. 4 Generic transition rules.

For the generated transition relation, we can check the folbwing
result. Below and henceforth the typability is taken under the ex-
tended typing.

|
Proposition 12. (subject transition) Let™ P.A.If © P.A

Q.B,then® Q.B.Similarlyif* P.A !' Q.B,then” Q.B.

Proof. See Appendix C.2. u

Remark 4. (transitions without concrete type annotations) Given

a typed process, we can turn all its occurring non-generic fre out-
puts into bound outputs augmented with copycats. Once we do his
transformation, the syntactic transformation in (Out) becomes un-
necessary. SincéOut) is the sole place where we need concrete type
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annotations associated with existentially annotated type variables,
this preprocessing allows us to dispense with these annotains. The
presented transition however has the merit that it can induce the
generic transition relation from arbitrary typed terms, not only pre-
processed ones.

5.3 Generic Bisimilarity

We are now going to de ne a typed bisimulation. Since concreg type
annotations on free existential variables are not part of the type struc-
ture (cf. x5.1), we should consider typed relations neglecting the an-
notations from the types of processes. We writgAj for the result
of taking o concrete type annotations from A. A;B;::: range over
action types without concrete type annotations. To avoid notational
clutter, we shall henceforth often confuse action types wit concrete
type annotations and those which are the result of taking thme o,
except for the following formal de nition.

A typed relation R is a collection of (R . o) of binary relations on
processes such thaPiR . AP, implies © P . A with jA;j = A; for
i =1;2. We often write © P R Q. A instead of P R. o Q. R is
a typed equivalenceif it is re exive (on typed processes), symmetric
and transitive. R is atyped congruenceif it is a typed equivalence and
closed under the typing rules. This means for example that ;)PRQ.
¥ = "AX; 2B implies " | x(¥):P R x(¥):Q.x :8x:(~)*"AX; B,
provided that fxg\ ftv(A;B) = ;.

A relation R between typed processes of the same action type
and mode in the extended typing is ageneric weak bisimulation(al-
ternatively polymorphic weak bisimulation(cf. [36]) or simply a weak
bisimulation) if whenever © P1RP,. A with jA;j = jAy) = A, the

1

following and the symmetric case hold:® Py . A ! PY.AS
implies Py.A :f‘ P2.A 9 such that > oPIRPJ. A®again with
A% = jAjj = jA,j. The largest weak bisimulation exists, which we

call weak bisimilarity and denote by gg. We write = P g Q. A

or P 4 Qif P and Q are bisimilar under A; . From now on we
confuseA and its concrete instances, simply writing™ P gg Q. A

A,
andP g Q
Proposition 13. gg IS a typed congruence.

Proof. For example, the closure under parallel composition is progd
by de ning R by the following rule: if © P; g P>. A and’
R.B such that ° ( W(RijR) . (A B)=zis well-typed, then
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( W(P1JR)R( w(P2jR). Then we can easily checkR to be a bisim-
ulation. The reasoning is standard and is omitted. U

Lemma 12. ;7! and 7! are all weak bisimulations.

Proof. We show that typable processes related by have the same
transitions up to by induction on the derivation of  with a nested
induction on the derivation of transitions. To see that 7! is a weak
bisimulation, we induce on the generation of7! with a nested in-
duction on the structure of the used contexts. Congruency of gg
(Proposition 13) is used, too. 1

The following lemma says that reductions and -transitions coin-
cide up to

Lemma 13. Let™ P .A,thenP ! Qi -~ P.A I Q0. A
for someQ® Q.

Proof. By straightforward inductions on the derivation of the tran si-
tions and reductions with nested inductions on the typing judgement.
wu

We now de ne the contextual congruence. Let”, P . x : B. We
write P 45 I P 7! fhxi, and P +¢; i P 7! thxi. Now =gg is the
largest consistent, reduction-closed, typed congruencehit preserves
ik @nd +epi -

Proposition 14. (soundness) P gg Q.A implies™ P =g Q.A.

Proof. As clearly Xhyi 6 g9 0, g9 is consistent. By Proposition 13
it is a congruence. For reduction-closure, let P .A,P g Q and

P! P%BylLemmail3then® P.A I’ P9A for someP® P

Then there's a transition sequenceQ ! I Q0 g PO PO
The result follows because ; gg g9 g9 (Lemma 12).

It reminds to show preservation of barbs. Let™ P g Q.x : B
and P 7! thxi. Then Q g9 P go thxi (Lemma 12). Since7! is
SN (Theorem 2), we can nd Q°such that thxi g9 Q 7! Q° 67!
Applying Lemma 6 ensures thatQ® thxi or Q° fhxi. But a quick
look at the transitions shows that we cannot havefhxi g9 thxi, so
we cannot haveQ® fixi. w

5.4 Legal Traces

Generic transition sequences of polymorphic a ne processg enjoy an
ordered structure which extends that of their rst-order su bset [12].
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This leads to the characterisation of behaviour of generic ppcesses
by a function of some kind.
Let s= lgiily 1. We write © P.A =} Q.B if

P.AL 10 1 ftir  Q.B

We rst de ne a subset of typed transition sequences, which ve call
legal We recall some ideas from [12], which originally comes from
game semantics. Below we assumk:: do not include -action. We
write | y s1%(resp.1y o 19 if the binder of | binds the subject (resp. a
free object) of 1° (the object binding is new in generic transition,
when compared with the de nition in [12]). Typing guarantees that
we cannot havel y s [9and | y o 1% at the same time. We then
sety =y s [ Y o. These three relations are extended to strings in
the obvious way, e.g.sy sl i s= s11%, and % ¢I. These binding
relations essentially preserve the available pre xing inbrmation, that
would otherwise be lost when we abstract fromP ! !IO P%to
sequences; ;1% The Output-view of a sequenceply::l,o°is de ned
as follows, with s;t;::: ranging over sequences of labels.

p q° =
ps Inq® = fng[ psq® I, output
ps Inq® = fng I, input;8i:l; 8 s,

fiing[ psiq® In input;li y sln

The Input-view, denoted psq', is de ned dually

ps1 i sz InqP

pd =

ps Ing = fng[ psq I, input

ps Ing = fng I, output;8i:l; 8 s,
ps1 i sz Ind =fing[ psid In output; li y s

We often confusepsq® and psq with the corresponding sequences.
Let © P .A =f‘ Q.B.Thens=1; I, is input-visible if

wheneverl; is input such that I; y |, we havej 2 pl;  |;d". Dually

we de ne output-visibility. We say =~ P . A is visible if whenever
P.A :? and s is input-visible then it is output-visible.

Proposition 15. ° P . A is always visible.

The proof follows [11, F15] using the switching condition, vith the
extra case fory , (the reasoning which establishes an object biding
is is visible precisely follows the output case of [11, F15])Next, well-
bracketing [4, 19, 23] says that later questions are always answered
rst, i.e. nesting of bracketing is always properly matched. Below, we
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call actions of mode! and ? questionswhile actions of mode# and "
are answers

Let® P.A =J° Q.B beinput-visible. Then s is well-bracketing
if, whenevers® | t 1%is a pre x of s and

{ I'is a question and
{ 1%s an answer, butt ¢ 51°

then we havel; y sl;.

Letussay P .A iswell-bracketingif whenever® P .A =3| is input
visible, s is well-bracketing and| is output, then sl is well-bracketing.
The proof of the following result again follows [12].

Proposition 16. ~ P . A is always well-bracketing.

Below a trace is well-knit if its only free subject (if any) is the in
initial one. Let © P .A =¥ . Then s is legal if it is well-knit, input-

visible and well-bracketing. De ne trace(" P .A) be the set of legal

traces of© P .A.We thendene ., by P s Q.A

traceC P .A) = trace(’ Q.A). The proof of the following uses
composite transitions in a manner similar to [12].

Proposition 17. «go IS @ typed congruence and .4 =g9.

Next we introduce a useful characterisation of ., . Let us say a
legal sequencd;::l, matches if either n =0 or, if not, |, is output
(resp. input) i = o(resp. =1).

A family of typed relations fRS g is a sequential bisimulation

if, whenever A © P RSQ, s matches |, and the following and its

symmetric case hold: ifA ~ P 1" B POwith s {* legal, then

A Q=) B Q0suchthatB  PORSTQCIf A" PRSQ for
some sequential bisimulationR, we write A~ P 2 Q.

It should be noted that in addition to being de ned coinducti vely,
the chief di erence between sequential bisimulations and taces is that
the former need to compare fewer transitions to establish agglity of
processes.

Proposition 18. | _. = .

seB9

Proof: wm = IS immediate. For the converse, we construct a
family of typed relations fR*g as follows, starting fromR = .

PRSM P, A
. 9 QuQx’ QIRSQ..B ° Qi.B =) P.A
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Here (i = 1;2). It is easy to see that™ P; R; P>.A implies that
P, and P, have the same trace as far as legal sequences with the
pre x s are concerned (by determinacy). We now showfRSg is a

bisimulation. Suppose® P;RSP».A and® P;.A ' PO.B
such thats |islegal. If| = we simulate this by the non-transition
of © P,.A and the resultis in R again. Otherwise this is simulated

by © Ps.A :5‘ PJ.B and the result is in RS by de nition, hence
Ro ... U

seB9

' pO.B

Proposition 19. If© Py 35 P, . A and™ P .A I

seB9

(i=1;2) such thats 1 is legal, then~ P? §  PI.B.

seB9

5.5 Innocence

We can now introducesinnocence the fundamental property of generic
transition of polymorphic a ne processes. Let © P . A with t legal.
The proof of the following result precisely follows [12].

Lemma 14. (permutation) Let *, P . A "2)*% o B such that
116 laand 1,8 I3 Then P .A %2 o B,

By the above lemma and visibility, we can transform any transtion

offoom* P.A =} , with | output, to © P .A =} wheret = psqC.
Since an output is always unique, we can conclude:

Proposition 20. (innocence)Let © P .A ' and® P .A =Y
such that: (1) both s; and s, are legal; (2) I; is an output; and (3)

psic®  ps:q®. Then we have' P .A 33 such thatpsic® Iy
ps2q° Iz

Remark 5. The equalitiespsig° 11 ps2q° I and psi®  psoq®
include information about bindings of free objects, which d ers from
the rst-order case [12].

It should be noted that legality is imposed for environments If
the environment doesn't behave legally, a process itself nyanot act
legally. However, if the environment is legal, then a proceses legality
(and innocence) is a derivable property of its traces.

By Proposition 20, the behaviour of a process can be regardeas an
innocent function. The innocent function of P, inn(P) is the total
function from P's input views to its output views, both taken up to
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, such that inn(P)(s) = implies:s° slandP =Y .By] we
denote thesize of the innocent function , that is the cardinality of
as a set. An innocent function is nite if ] = n for some integern.
If ~ P.A,theninn(C P .A)is the nite innocent function induced
by P. P is nite if inn(P) is nite innocent. Innocent functions of
linear polymorphic processes ardotal (but not necessarily nite) in
the sense that a legal input is always followed by an output. A
innocent function is of type ( ;A ) if it coincides with innC P .A)
for some® P .A.

Polymorphic linear processes also enjoy nite representaitity, i.e. -
nite generic innocent functions are always representableybtyped pro-
cesses. Following [12], we only consider well-knit tracesndler a typing
which is well-formedin the sense that: (1) it is the result of composing
several connected types, and (2) it does not contain more tha one
free linear type. We hereafter identify a set of well-knit traces which
de ne a generic innocent function, with the innocent function itself.
By the construction it su ces to consider only those well-kn it traces
which are output views.

In the next section we will need to know that replacing a proces
by its maximally copycatted counterpart does not a ect the i nduced
innocent function.

Lemma 15. For every© P . A, there's a maximally copycattedQ
such thatinnC P .A)=innC Q.A).

Proof. Straightforward. 1

6 Reasoning Examples

This section demonstrates that equational reasoning basedn com-
bining 7! and ! ' gives powerful reasoning tools for generic processes.
Reasoning by Generic Transitions. We have already seen the

def .

behaviour of S = x(yz)(thyij z(b):&(b)nottbif) under the typing x :
9x:(x(X)*)? e:(B)" in Section 2. If x is typed (B(B)*)? we have the
following transitions, assumingB £ x:(B(B)*)” e:(B)",

s.p W

{_(bi’)

| thyij z(B):&(b)nottbtt . B y:B z:(B)*
o thyije(bnottbt .B  y:B b°B

Note we can only use a bound input at the second transition. Nte
also that y is typed with a non-opaque type, so that an action aty
is possible.
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Next we look at a transition sequence ofdhxi, rst with universal
abstraction.

“idh L x 1 3% idnjzhyi L x 1 yexE 2 (xB)
™ idmijo. x i1 y:x®

Now consider an instance of the monomorphic identity which s the
same untyped processdhxi under a di erent typing, x:(B(B)")'. The
process has the following initial transitions.

*idhxi L x (B(B)) 1% Lidhijzhyi . x ((B(B)') y:B z:(B)'
199 iyt yB.x ((B(B)) y:B y°:B

Here we do not allow free output viaz, since there is no generically
typed name. As a result, a copy-cat remains in the con guraton.

Inhabitation Results. We now show how easy inhabitation re-
sults are to come by with generic transitions. Inhabitation seeks to
characterise the processes typable by a particular type. Weprove:

Lemma 16. (inhabitation of 1) * P .x :I implies P g9 idhxi.
Proof. Let ", P .x :l. Then we have

P x A% POy ey x 8z (xB)

By inspecting the action type, if P%ever has an output, it can only
be zhyi, in which caseP g9 idhxi. 1

Note Lemma 16 showsidixi is the only inhabitant of | up to gg.
Similarly we can checkx : B is inhabited by thxi and fixi alone using
the transition, instead of 7! as in Lemma 7.

We can also use this lemma to reason about more complex terms

by combining 7! and ! ' In Section 2, we have seen the behaviour
of the process

S £ x(yz)(thyij z(w):&(b)nothbwi ) under x:1;e:(B)".

We showS and S°% g(b)fhhi are contextually congruent. SinceS and
S%have di erent visible traces, the use of some extensionaljt princi-
ple is essential. Here it su ces to show ( X)(SjP) =g ( X)(SYP) for
each™ | P.x :l.Butif | P.x :l then P =gg idhxi by the above inhabi-
tation result. Using extended reduction we can check ( X)(SjP) =gg
( x)(Sjidhxi) 7!* SPand ( x)(SYP) =g ( x)(SYidmxi) 7'+ SO
Since7!* =gg, we have ( X)(SjP) =g9 S%=3g9 ( Xx)(SYP), hence
done.
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Boolean ADTs. Next is simple use of transition relations for rea-
soning about abstract data types of opaque booleans (simitao those
discussed in [36, 38]). The data type should export \ ip", or negation
and a read operation (the latter turns an opaque boolean to a on-
crete boolean). Two simple implementations in the -calculus with
records are:

8 9
< bit =T; =

M £ pack bool  flip = x :bool: x; as bool
read = x :bool:x 9
< bit = F =

M°% pack bool  flip = x :bool:: x; as bool
" read = X :bool: x

wherebool £ 9x:fbit : x; fip :x! x;read:x! boolg. M and
M %can be encoded as (using a CBV translation of products, cf. B):

bool hui £ T(m1mom3)(Q1jQ2jQ3)
bool hui & T(m1m,ms)(QYQQY)

where
Q1 = thmyi Q2 £ m,(b2):Z(K)nothobi
3 £I'm3(b2):zhai QY £ fhm;i
QB Q Q2 £ m3(b2) :Z(Pnotrohi

We can easily check that these processes are typable under9x:B[x],
where B[x] £ (x(X(x)")" (xX(B)")")".

We now show’ | bool tui g9 bool %ui .x :9x:B[x]. For a proof, we
show these agents are in a trace equivalence up @, then use Propo-
sition 17. First we analyse the transition relations from bool hui. Let
R=Q1jQ2jQzandR°= QY QJj QY. Then after output transition
uh( momgz)mim,msi, we have:

*1 (- m3m)(Rf mg=mygfm3=msgj [m2 ! m3lj[ms! mg))= Ry
.mox;ma:(X(x))  ma:(X(B)')
Similarly for RO Sincex is an existential type variable, viamy, R; can

only input m; as the rst argument. Similarly, by analysing types,
R1 has the following sequential trace:

R, mgl‘(zs)mlci R, ESb) Rs mgg)e)bei R,

Note ¢ in R, has type c:(x)" . Hence whenR, exports bound name
b via ¢, the same nameb should be returned via msz as the rst
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argument [becauseb has type X, while m3 has type (X(B)")' in Rs].
We now have:

R4 7! gb)nothomyij thmyij Q2j Qs
7! &b)frbij thmiij Q2 Q3

By the exactly same trace fromR® we can obtain:

RO 7! ( bY(a(bynotrb j notrbmsij fimai) j QY QY
7! e(b)ffhj ftmaij Q3 Q3

We have essentially the same reasoning wheR or R starts from the
input action at mj: they again reduces into the same normal forms
as the above. Thus we concluddool hui g9 bool %ui.

7 Full Abstraction of System F

This section embeds System F fully abstractly with respect b Moggi-
Statman's maximal consistent theory (which is the standard maxi-
mum contextual congruence for the formalism). There are twomain
interests. First it shows that duality-based typing can precisely em-
bed existing functional formalisms, connecting the world ¢ typed
functions with the world of typed processes as well as openithe
potential to use the generic -calculus as a meta-language. Second
the proof highlights one of the deep aspects of generic behiaur, in-
formation hiding by existential types (equivalently by contravariant
universal types). The encoding and the result smoothly exted to
inclusion of standard data types or nontermination.

We brie y summarise the syntax of 8 with types ( , ,:::) and
preterms (M, N, :::) given by the following grammar.

D=Xj o) j8x:
Vi=xj x Mj xM M@=V jMN j M:

We often omit type annotation on bound names. We use the stan-
dard CBYV reduction which gives a simpler encoding. The redution is

generated from (x :M)V ! M fV=xg (which we call ,-reduction)
and( x:M) ! Mf =xg(which we call type instantiation), as well
as by compatible closureM + N is de ned as: M ! N 6!

We list the typing rules for reference (we use bases with type
variable declarations for clarity). We use the judgementE ©~  which
is true i all type variablesin  are declared inE. Well-formedness of
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E is assumed, i.e. a type variable is declared i before it is assigned
to a variable.
E:x: ~M: E"M: ) E " N:
E;x: X E- x::M ) E~ MN :

E;" M : X 2 ftv(E) E " M:8x: E °
E X:M :8x: E" M : f=xg

Let B £ 8x:x) (x) x), T= x:x*:y*xandF= x:xXyXy.
Then the relation =g [33] is the largest congruence satisfying8M 1.2 :
B:Mi=gMy , (M1+T, My+T).Itcan be shown that T
and F are essentially the only inhabitants of B .

Proposition 21. Let™ M :B andM 6! . Then M TorM
F.

7.1 Encoding and Adequacy

Because it simpli es the de nability argument, we use Milner's un-
typed call-by-value encoding (CBV) [27], which only diers from
Turner's translation [43] in the treatment of quanti catio n. The tar-
get calculus is that of Section 3, but for reasoning with labdéed transi-
tions, we use the extension with annotated type variables ofSection
5 (cf. [19)]). It is easy to see that any encoding induces an imite
number of other encodings by simply adding more and more lays
of indirection. In the present investigation, we use the CBV version
of System F: this induces the same contextual congruence oretms
as the CBN version. As we shall sketch later, call-by-name (BN) or
other similar encodings (for example those presented in [12 would
result in full abstraction. An interesting open problem is to investi-
gate other equivalences on the source calculus such as-equality.

The mappings  (for types) and [M ], (for terms) are as follows,
assuming newly introduced names are chosen fresh.

SC)Y o x =xE () ) EC ) @xr) =ex( )
[x Ju € uhki [x M € u(m)m(xz):[M].
[MN 1, = ( m)[MImjm(a):( n)([NInjn(b):atbu))
[ xMLu £ u@a(m):MIn  [M Tu = ( m)(IM Imjm(v):vu)

Ignoring type variable declarations, a base is encoded as: = ; and
(E y: ) = E ;y: .Thefunction () takes a System F type
and turns it into a -type that the translation [ M ], has at u,
provided M has under . Of course System F terms often have
free variables: for example, ifE;x :  ~ M : |, then [M ], will have
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x as a free name, too, and the type ofk in the translation will be

. In other words, () describes how a the translation of a System
F process uses those free names not introduced by the transian to
interact with its environment.

An alternative, more e cient encoding for universal abstra ction
would be to have 8x: ) = 8x: . Unfortunately 8x:x is not a well-
de ned type in our system, so such an encoding is not typablelt
is fairly straightforward to adapt our calculus to make 8x:x an ad-
missible type, at the cost at introducing an additional congruict,
generic wire (corresponding to axiom link in proof nets [17]), but
for simplicity we have opted to stay with the present straightforward
formalism.

Proposition 22. E " M : implies o[M],.u: ;E .

Proof. By straightforward induction on the derivation of the source
term. U

Lemma 17. Let x;y 6 uand E ©~ M : . Then [M]ufx=yg =
M fx=ygl..
Proof. By an easy inductiononE ~ M : . w

Lemma 18. Let E "~ M : . Then

(b)(IM1u j!b(yn):[NJn) 7! [M T y:N=bg]y:

Proof. The straightforward proof by induction on the derivation of
E " M : follows [46, Lemma D.1].

Proposition 23. LetE " M : andM ! N.Then[M], 7'*
IN L.

Proof. Straightforward by induction on the derivation of E~ M :
As an example, we calculate -reduction, i.e. [(x:M )V]u. We start
with V = y.

[(xM )ylu  (1)(T(@!a(xm):[MImjl(@:( v)[Iylvjv(x):amxui))
7t (a)(ta(xm):MJm j ( v)(Tylvjv(x)@atxui))
7t (a)ta(xm): M Jm) i ¢ VYD jv(x):IM ]u)
7 yIvivx):IMJu)
( V(VYjv(x):M]u)
7! [M fy=xg]y
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There is another possibility, V = ( y:N ). Let M %Z1a(xm):[M ] .
[(xM VI (H(I@M%1@:( v)(IVIjv(x)amui))
71 (a)M%( v)(IVIVjv(x)atui))
(a)(M%( v)(v(B)a(yn):INTn j v(x)ahxui))
7! (a)(M % ( b)('b(yn):[N ], jahbui))
7! (ab)(M % [M fb=xg]y j Ib(yn):[N I, j atbui))
7! (b)(IM fb=xg]y j Ib(yn):[N ]n)

The missing step is that

( b)(IM fb=xg]y j!B(yn):[NJn) 7! [MfV=xd]y,;
which follows from Lemma 18 and

(b)(IMfb=3]u j!b(yn):[N]n)  (x)([M]Juj!x(yn):[N]n)
which is by Lemma 17. u

Since any in nite reduction path in CBV System F contains in nitely
many y-reductions, this gives its strong normalisability (hencethat
of call-by-name reduction). By noting [T]y 2 NFe, we obtain:

Proposition 24. (computational adequacy) Let © M : B . Then
M + T if and only if [M :B Ju +e [T]u-

Proof. From Proposition 23 () ) follows immediately. For the reverse
implication, let [M :B Ju +e [T]u and M + N. By Proposition 21
either N T or N F. By Proposition 23 also M ]y + [N]u- Then
[NJu [TJu by Lemma 10. This is clearly only possible ifN  T.
wu

Corollary 1. (equational soundness)Assume ™~ M. : . Then ™,
M1lu =89 [M2]u . u: implies M1 =g M5 :
Proof. The proof is straightforward. Let M R N i | [M]y =89

[NJu-u: .WeshowthatR is asound Moggi-Statman Theory. Con-
sistency and congruency oR follows from that of = gg. For reduction
closure, letM | M%and [M]y =g9 [N]u. Then [M]u 7! [M Yy
(Proposition 23). But then [M 9y =g9 [N]u by determinacy of +.
Finally, preservation of barbs is immediately by Proposition 24. 1w

7.2 De nability

We shall now complete the proof of full abstraction. We beginby
explaining why the key step, de nability, is tricky.
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7.2.1 Why is De nability Dicult to Establish? De nability means
that for every process o P .u : ;E of translated System F
type, we can nd aterm E © M : such that P =gg [M]y. In
the rst-order case, we can prove the corresponding theorenby in-
duction on the derivation of P's typing judgement [46]. Let's see
what happens if we try to do this naively in the current setting.
Consider a process o x(a)a(b):P .u : ;x : (8x: ) ;E where
oP .u ;b fx9=x8g;x : (8x: ) ;E : If freely contains
X we have a problem:P may not be typable by the translation of
System F types. Consider for example =(x ) X). In this case

P blcd)(c(v):Qj d(v):S); “oQ. v = F ‘ORI (C)EFE

where ~is a vector ofarbitrary length, precluding decompilation into
System F types. Now how do we apply the inductive hypothesis™®n
top of this, it is also far from obvious how to order typing jud gements
to ensure things likeu : ;b : fx9=x8g;x : (8x: ) ;E being
‘smaller'thanu: ;x:(8x: ) :E .Butthat would be necessary for
a well-founded induction.

We overcome these problems by abandoning induction on typig
derivations for induction on the size of the corresponding mnocent
functions, cf. [4, 12, 23]. While this itself is a standard icea for de n-
ability of a ne (nonterminating) pure functions, the corre sponding
proof technique in the present setting involves another twst, since
we should deal with free inputs, which do not exist in the stardard
rst-order setting, either linear or a ne. The proof techni que to deal
with free inputs indeed visibly re ects the information hid ing in the
behaviour of generic processes induced by typing, using thiact that
the environment can only pass-on or dropx°-typed names. That is, if
we replacex® with any other type, the environment wouldn't notice.
So we have to nd a \representative" for x° to apply the inductive
hypothesis such that substituting for x° does not change observ-
able behaviour. We can then use §-Var ) to reconstruct the original
type. To see how one could nd such a type, let's have a look at lhe
following example:

Sy (uvw):Q j 1z(uvw):Q j r(v):v(abdR .y :x%z :x%r 1 (x9)F

wherey as well asz had already been exported to the environment.

Call this processP? It arises, up to contextual congruence, as d g
descendant of processes lik® above. This process has two transi-
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tions:

pof! ly(uvw):Q j 'z(uvw):Q j y(abdR

POI™  1y(uvw):Q j 1z(uvw):Q j Z(abdR

This suggest that the output of a x°-typed name and its subsequent

re-import allows the environment to choose between di eren alter-

natives presented by the process. Of course System F can alsm-

plement choices, for example by usingri] which was de ned to be

8X:(f(l{z_’} ) x). Could the following transformation solve the
n

problem of inappropriate x°-typed names in the induction?

{ Replacex® by [n] , wheren is the number of x°-typed free names
in the environment before re-import.

{ Transform processes® = C[ lyi(w:P;) |, [ Zheyi 1., , where the
yi and z; exhaust all the x°-typed names, to

trans(P) £ C[ X 1:::XmXiiy, M [ QjR ILy:

Here Q £ Z(airi)ri(s)::rm(s):(shgi, R £ 1, lai(¥):P;) and
[x 1::Xn:XJu = Y(@)hhX 1::X0 X1 5.

Clearly, if ° P . A is typable using x°-typed names,” trangP) .

Af[n] =x%g. What this transformation does is take away the environ-
ment's ability to choose one ofP's servers directly. Instead we let it
decide among alternative choosers of translated System F pe. It can
be shown that this does not change the processes visible traitions,
assuming well-typed observers.

For nding a concrete type corresponding to an existential type
variable, we need to know out of how many alternatives the eniron-
ment can choose. Since we are going to work solely on nite inmcent
functions, the number of exported names of that type is alwag -
nite. We may approximate that number from above and add redun
dant choices which would not have occurred in the original imocent
function, but that is semantically harmless.

Before going into the technical development, we show anotlreex-
ample where existential typed names are exported to be usedf a
re-import on later occasions. The example is essentially Qirch Nu-
merals, which are typed as8x:((x ) x)) (x) Xx)):If "oP .u:

:X :CN :E , then

P x(a)a(b)b(cr)( 'c(vm):Q j r(d):d(es)('e(vn):R j s(t):S) ):
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Omitting details, P has the following transition sequence.

p @0 r.?(cr)[(d) c_lll(ew) C[!lc(vm):Q j le(vn):R j s(1):S ]

At this point, the environment has c and e as free names and may
feed the latter as an argument to the former:

C['c(vm):Q j le(vn):R j s(1):S ]
Ch(!f Jef! C[!lc(vm):Qj 'le(vn):R j s(t):Sj Qffe=vmg |

In this case it is possible to have an unbounded number of exien-
tially typed names if we consider possibly non- nite innocent func-
tions (processes corresponding to polymorphic Church Nunrals are
basic examples which may have non- nite innocent functions for ex-
ample, a successor is such).

7.2.2 Proving De nability. We are now ready to tackle de nability
and begin with some helpful facts.

Lemma 19. If " oP .A then oP .A :5 for some visible output
[

Lemma 20. Let "oP . A Yh(=)y)ZEI | Q.B wherey is a non-empty
vector of names. Then | Q.B ! ! for some visible inputl.

Lemma 21. Let P 67!and " oP .x : (x®)";?A. Then P Xhyi for
somefyg fn(A).

Lemma 22. P T! Q) inn(P)= inn(Q).

The proofs of these 4 statements are straightforward. The ne lemma

is useful because it constraints the syntax of processes ofanslated

extended System F type. This is handy in the de nability proof.

By translated extended System F typeve mean types of the form
fx®=xgor fx%=xg for some System F type .

Lemma 23. (syntactic shape) Let P be typable by a translated ex-
tended System F type, maximally copycatted an® 67! Then the fol-

lowing lists all possibilities for typings that allowP to have an output
as initial action.

1.P uhxi and oP .u :(X);x:X;E :

2.P  a(X)!x(¥):Q, oP .u : (x?,)";E and
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3.P  u(x)!x(v):Q, “oP .u :(8x8% ) ;E and
"oQ.v: E

m

where x8 2 ftv(E):
4. P  u(x)!x(vr):Q, ' oP.u:( ) )::E and

"oQ.v i o r: G E:

5P X(Y)Y(WV):Q, oP.u: ;x:(8x8 ) ;E and

“oQ.u v fx%=x8g;x:(8x8: ) :E
Here x8 2 ftv(E; ).
6. P X(yr)(ly(v):Q j r(v):R) and typable as"oP .u : ;X :
((8x8:)) ) :;E and
"oQ.v: G F; "oR.u: v: :G;:
whereF G ,F G =x:((88 )) ) ;E.
7.P X(yr)(ly(vw):Q j z(v):R), typable as o P . : X
() )) );E and
"oQ.v: w: F ‘oR.u: v: G
whereF G,F G =x:(( ) )) );E.
8.P (z)(Xtyzi j z(v):Q) and "oP .u : ;x:(y) ):E,
E(y)=vy,

"oQ.u: ;v: E:
9.P  X(yr)(y®:Qjr(v)R), oP.u: ;x:(y?) ):E and
"oQ. v:=F ; "oR.u: ;;v: ;G:
whereF G ,F G =x:(y%) ):E.

Proof. By induction on the derivation of typing judgements. We start
by considering the initial linear output at u and the carried name
being typed with a type variable. Clearly the process given ly (1)
works. We show there be no others up to . Assumetlxij Q, where
", Q.F for some suitableF. As Thxij Q 67! we can apply Lemma 6.3
and conclude thatQ 0. It is also impossible to havethxi wherex is
typed by an existentially annotated type variable because therwise P
would not be maximally copycatted. That leaves ( 2)(uhxij Q) where
u is not restricted. If x is also free, we can immediately reduce to
the previous case. Next assume the initial output atu is typed by
the translation of a universal abstraction. Then Thxi is impossible
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because we are dealing only with maximally copycatted procgses.
Hence we must have (2)(R j U(x)!x(v):Q) where u is free. As in the
previous case, we show thaR 0, which leaves just (3). When the
initial output at u is the translation of a function type, we proceed
similarly.

Now we assume the initial output at x is replicated. We cannot
have ( #)(Xhyij Q), with x andy being free, becaus® is maximally
copycatted. Hence the process must be of the forrR j X(y)Q. As
before, we show thatR 0. Since we can only restricty is there's
matching input, our process must in fact bex(y)y(v):Q, as stated by
(5). The remaining cases are similar.

We need to manipulate innocent functions. That requires a bi of
convenient notation. Let  be an innocent function. Assuming typa-
bility, X(y) is the innocent function obtained from by pre xing
any -trace with X(y) and then taking pre x-closure; x(y¥) and
IX(y): are de ned similarly. Clearly X(y)inn(P) = inn(X(y):P) etc.

Lemma 24. Let be nite innocent. Then J( ) <] (X(y) ) assum-
ing typability.

Let be a function from existentially annotated type variables to
types of the form [n] wheren > 0. Assume is an innocent function.
We say o ers enough choice for if whenever a -node” | P .A
can dok inputs

P A xh(, &)y
| . :

then for eachb;, from [ that is not in &:
A(b,) = x° implies ( (x°)=[m] ) k m):

A concretiser for  is a mapping like above, provided it o ers
enough choice for and has a nite domain containing all of 's
free, existentially annotated type variables. Clearly, if is nite in-
nocent, we can always nd corresponding concretisers. As a atter
of notation, we assume concretisers are post x operators. \& apply
them to types, terms and type-environments alike, where thg sub-
stitute all free existentially annotated type variables.

Proposition 25. (de nability) Let  be a nite innocent function
of translated extended System F typei : ;E . Assume is a con-
cretiser for . Then there is a System F termE ~ M : such that
innE "M : )=
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Proof. We proceed by induction on the size of . Clearly ]J( ) =0
is impossible by Lemma 19. So the base caselié ) =1.

Let 'oP .u: ;E with inn(P)=  and P 67! Restricting P to
be without 7!-redexes is possible because each typable process has
a 7!'-normal form (Lemma 10) and processes equated b¥! induce
the same innocent functions (Lemma 22). In addition we assura P
to be maximally copycatted. Lemmas 11 and 15 guarantee that his
is always possible and does not a ect innocent functions.

Now Lemma 20 together with]( ) = 1 prevents any names being
bound by the initial (and only) visible action. Clearly we can also not

have an action oP .u : ;E v where x 2 fn(E ). This is
because otherwise we'd have to havE (x)= = (y®)P, p2f" ;?g.
But this is impossible as a quick induction on the structure d
shows. Hence our unique visible action must be

“oP.u: E ™ Q. E:

where = y. By Lemma 21 this meansP ulxi andE = vy :
y8:F . The corresponding System F term is simplyE ~ x :vy, as
[E ° x:y]u = tuhxi. This concludes the base case.

The inductive step is more involved. We begin by distinguisting
two cases: the initial visible action happens atu or it does not. Let's
start with the former. By Lemma 23 we have 2 cases.

{ P umhi;E(x)= x8 Thisis in fact the base case.
{ P U(c)Q. Now we have 2 subcases.

{ =) ) ie =( )" Then by Lemma 23:P
u(c)lc(xm):Q where " oQ.x : ;m: ;E andinn(Q) is
strictly shorter than inn(P) (Lemma 24). By (IH) we can hence
nd M such that inn(Q) = inn([TE " M :  Jm).- Now

inn([ x:M 1u) = inn(u(c)!c(xm):Q) =

{ = 8x:,ie. 8:( )'. Using Lemma 23 again, we getP
u(c)!'c(m):Q and as in the previous case the (IH) yields a Sys-
tem F term M such that

inn([ x:MJu) = inn(@(c)lc(m):Q) =

This exhausts initial outputs at u. We must now tackle the more
complicated case of the initial output happening at a free nane in

E . We have the following cases (Lemma 23).
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"oP.u: x:8x:( );E . Abbreviating the type of P to A, we
can do the following transitions.

“oP A TORY 5 Ab i T x%x8g

By the (VC), x° is not in the domain on . We must hence
construct an appropriate ° such that ftv®(A;b : ~— fx%=x8q)
dom( 9. For this purpose, let o = inn(Q). A g-node” | R.B
is a free branch if it has a transition of the form ~ | R.B ?m

or |R.B anybiba Using Subject Transition (Proposition 12)
together with that fact that P is of translated extended System
F type, one sees immediately thatB is also made from translated
extended System F types. Hence all free inputs in g must be by
free branches. Call a free brancIR initial if there are no other free
branches on the path along the transitions fromQ to R. Let the
initial free branches beRy;:::;; Ry for somem 0. It is possible
for m to be 0 or greater than 1. EachR; is typed * | Rj . Ai. By
the (VC) we can assume that if Aj(c) = x° and Aj(c) = y° then
X =Y. Let

fit; g = fej 9x:Ai(c) = xg

Clearly k;j is always greater than 0. OtherwiseR; would not be a
free branch. Setn = k; + + k. Now de ne

( (y°%) x6
9 — y’) XBY,
O(y ) [n] X =y:

By its construction, ®has su cient choice for o. Hence we can
apply the (IH)togetaterm (E;x :8x ;b : ) > M 9:  Osuych
that

inn(E;x :8x;b: ) M % 9= 4
Noting now that [( b:M )(x[n] )]u 7! X(a)a(b):[M Ju and using
Lemma 22 we get

inn([( b:M )(x[n] )]u) = inn(x(a)a(b):[M ]u)
= X(a)a(b):inn([M Ju)

= X(a)a(b): q

as required.
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{ P X(NCyM:Qjr(vRR), "oP.u: ;x:((8x8)) ) E

where oQ.v: ;F ;'oR.u: ;v: ;G .Clearly, QandR
have nite innocent functions smaller that , so by (IH), we can
nd System Fterms F ~ M and G;v : "N

such that (omitting types for readability) inn(Q) = inn([M ]|V) and
inn(R) = inn([N Ju). Then clearly

= inn([( v:N )(x(" x:M))]u):

{ P X(yr)(y(vw):Qjz(v):R), oP.u: ;x: (( ) )) )E
and oQ.v: ;w: ;F , oRu: ;v: By(IH)we nd
System F termsF ;v : M andG VA N
such that inn(Q) = inn([M ]v) and inn(R) = inn([N Ju)- Then

= inn([( v:N )(x(v:M ))]u):

{ P (z)xtyzij z(v):Q) and "oP .u : ;x:((y) );E,
E(y)=vy, 0Q.u: ;v: ;E :By(IH)there's E;v : :
M such that inn(Q) = inn([M ]v). Thus clearly

= inn([( v:M ) (xy)lu):

{ P X(yN(y®):Qjr(v)R), " oP.u: ;x:(y®) )::E and

"oQ.v:=F ;"oR.u: ;v: ;G :LetA be the above type
for P and assume that (y°)=[m] . We have 2 subcases.
{ =x%and (x% =[n] . In this case we have:

PAY) iy Qjr(v)R.y 1y%ir: (x9)*

Now let k n be the number distinct entries z; : x? in E .
Then there are k distinct transitions

. ke

Y@Qir(WR.y ty%r i (x)F 1 Qi A
By (IH) we get corresponding M 1; :::; My such that

inn([E;x :[m] ) [n] ~ Mi: )= inn(Qi)
Now de ne (

M1 k<i n:
We can do this because has enough choice, s& n. That
k > 0 is because we are in the inductive step: so by the induc-

tive assumption 's cardinality exceeds 1. But then P must
be able to do at least two consecutive visible transitions, \ich
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would not be possible ifk = 0. We are almost there. The target
term, correspondingto is (x M N 1::N,) , whereM is
typable asE ~ M :[n] . Now we consider what transitions
the translation of M has in : There are two possibilities: ei-
ther there are no such transitions, i.e. the environment woking
at x ignores the translation of M. Then we setM £ . Al-
ternatively, the environment invokes the translation of M. By
innocence, all invocations give the same result, say choosj
the i-th possibility out of n. Then we setM £ ™. Then

inn([E;x :[m] ) [n] > (xM N 1::Np) @ Ju)=

{ is not an existentially annotated type variable. This case b
essentially like the last, except thatn = 1.

This exhaust all cases. u

Finally we note the following. Below we sayP is nite if its innocent
function is nite.

Lemma 25. Let " oP1p.y @ " and’ | R.y :7x :B. Then PgjR +uyi

and P,jR +¢; imply for some nite *, R%.y : 7 x :B we have
P1jR +pi and PojRO +pi .

Proof. (outline) We take inn(R), and mark just those parts which are
used to derive P1jR +,; and P2jR +¢,;. These parts are obviously
nite. Unmarked parts can be in nite, but they do not concern the

extended reductions involved in the above convergences. Tis it suf-

ces to replace each of these unmarked parts with a nite behaiour

of the same type, since, if we can do so, we can reconstruct agress
de ning this nite behaviour in the same way we did in the den -

ability lemma. For replacing each such part, it su ces to show there

is always at least one nite process for each well-formed aain type.

Such a process is easily constructed by induction on (exteratl) action

types, following the term constructor corresponding to pogive types

(" and!) and a linear input as needed, without using?-actions (note
the resulting behaviour is what corresponds to a constant faction,

which is immediately nite).

Theorem 4. (full abstraction) Let = M : . Then M =g N i
[M1u =89 [N]u.

Proof. In the light of Corollary 1 we need only show completeness.
The argument is standard [12,46]. Assume f1 ]y 689 [N]u. Then
we can nd a nite R such that ( xu)([M]u j R) +e [T]y but
( xu)([M]u j R) +e [Fly By Lemma 25 it suces to consider -
nite Rs. By de nability, we can nd L such that [L]y =g9 R. Hence
( xu)([MIJujILly) 689 ( xu)([N]uj[L1y). a contradiction.
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7.3 Call-by-Name and Type Isomorphisms

The encoding of System F we have explored was CBV. We close thi
paper with some suggestions on how to use that result to obtai an
easy full abstraction result for CBN. We start with the encoding. For
types, we set:

TEC) x BT () ) BECTN) (exr) Eex( )
For terms, we use the standard call-by-name encoding.
Mxiy £[u! x]° HM iy Eru@):(m)HMimjmiri)
HMN iy Etu(xy):( m)(HMi o jm(nr)(ANG o jr(w):whxyi))
th x:Mi, Elu(@am)iMi, hx Miy Elu(xz):z(mhMi,
We strongly believe the following holds.

Conjecture 1. (full abstraction for CBN) * M =g N : i "~ hMi, =g
ANiy.u: ?,

The conjecture may be proved by carrying out the entire devebpment
of this section for CBN types. Another method may usetype isomor-
phisms where the isomorphism between CBV and CBN-encodings
of System F types leads to full abstraction for the CBN encod-
ing, using through Theorem 4. Behaviourally, type isomorphsms are
easy to describe. LetC[ ]ﬁ; indicates a typed context where the
hole has type A; and the result B; . First order types A; and
B; are =gg-isomorphic if for some C;[13! and C[]g , we have

P =go C2[Ci[P], 15 foreach’ P .A and vice versa. In particu-
lar we write 1 =gg 2 if X3: 1 and x,: » are =gg-isomorphic (the
omission of names loses no precision since the isomorphismeas not
depend on the particular choice of names). Contexts can ofte be
de ned by parallel composition with hiding.

As a simple example, we can easily show that' and ( )" are al-
ways isomorphic. In the rst-order case, the above de nition is enough
to prove the type isomorphism between the CBN-encoding and tie
CBV-encoding of function types by induction on function typ es. For
the second-order case, however, this is not straightforwat, since we
cannot rely on induction. We believe that arguments close tothose
using candidates in Section 3 would work, though details ardo be
seen. It should be noted that the type isomorphism between CBI
and CBV in linear polymorphic processes, where it holds, craially
relies on strong normalisability hence similar proof techriques may
not be usable for a ne processes. The study of type isomorplsm in
processes o er insights on the relationship between typesrad their
inhabiting processes.
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A Proof of Subject Reduction

We rst de ne permutability of rules, which is crucial in man y results
that follow. Let R and S be two rules which have one premise each.
We write R & S if, whenever there exists a derivation

P.A
— R
C P AL
— s
Y LP A

then we have another deviation

P.A
—Ss
CLPs.Ag
— R
Y LPal A

If R has two premises andS has one we writeR & | S if, whenever
there exists a derivation

P.A  ,Pi.A,
R

T L,P2 A
—S
T ,P3LA3

then there is another one

P.A
— s

CLPal A, C P AL
R

T ,P3lA3

The predicate R & ; S is similarly de ned.

Lemma 26. 1.For any rule R with one premise other than(In')
and (In ), we haveR & (Weak ):

2. (Weak ) & (In") if (Weak ) does not weaken bound namg; in
Ix(¥):P of the conclusion of(In*). Similarly for (In').

3.Let 2fl;rg, then (Weak) & (Par) , (Par) & (Weak)

Proof. All straightforward from the typing rule schemes. u
Proposition 26. If © P.A andP Q,then”™ Q.A.

Proof. By induction on the derivation of P Q.
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PjO P: Now we use induction on the derivation of’
are two cases: if the last rule used wasWeak ), we use the inner
induction hypothesis (IH). Otherwise we have a derivation

P .A. There

(Zero )

10,
(Weak )

(Weak )
P.A “10.B A B
(Par )

Pj0O.A B
If the number of applications of (Weak ) in this derivation is 0,
the result is immediate, otherwise we use\Weak ) & . (Par ). To

push all weakenings below Par ) in the proof tree and reduce the
problem to one already dealt with in the outermost rst case. The

converse direction is straightforward.
(x)PjQ) Pj(x)Q,if x 2 fn(P): We proceed by induction on the

derivation of the relevant typing judgement. Using the inner (IH)

as above and Weak ) & (Res), we can see that there are two

interesting cases.

P.A  Q.B Lo
(Par )
PiQ.A B =C;x: md( ) 2fl ;!g
(Res)
(x)(PjQ).C
and
P.A  Q.B i
(Par)
PiQ.A * B * md( )2fl ;!g
(Weak )
PjQ.C;x :
(Res)
(x)(PjQ).C

In the former case we know from the assumptions thai 2 fn(A),
B=B%x: andC=A B9 Hence we derive as follows.

Q.B%x:

— (Res)

P.A * (x)Q.B?°

Pj(x)Q.A B°=cC

To reduce the latter case to the former, we useRar ) & , (Weak ).
For the reverse direction, we also induce on the derivation bthe
typing judgement. Using the inner (IH) and permutations of weak-
ening with parallel composition as above, we nd essentialy one

(Par )
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interesting case.
Q.B;x : md( ) 2fl ;!g

(Res)
CPL.A * (x)Q.B

(Par )
Pi(x)Q.A B

By the (VC) we can assumex 2 fn(A). Hence we can construct:

T PLA T Q.B;x :
(Par )
PiQ.A (B;x: )=(A B);x: md( ) 2fl ;!g
(Res)
(x)PjQ).A B
as required.
All other cases Similar, but simpler.

u

Lemma 27. 1. f=xg= f-=xg.

2.1f 1 oisdened, thensois f=xg of =xqg.

3.1f A B then also Af=xg Bf<=xgand (A B)f=xg =
(Af=xg) (Bf=xq).

4. If y\ y = ; andx\ ftv(?) = ;, thenf =xgf =yg = f =ygf ~f =yg=xg.

Proof. Straightforward. 1
Lemma 28. If © P.A then™ P .Af=xg.
Proof. By induction on the derivation of = P . A.

(Out ): Assuming z; 2 ftv(~f =zg), we can not only infer

ToXhy L x 92:(~)po;y: r—
but also

T oXhyi . x 1 9z:(~f =xg)PO 1 ~f =xgf T =xg=zg;

where x; 2 ftv(~f=xg) and fzg\f ftv(~);yg = ;. But clearly
9z:(~f =xg)Po = (9z:(~)PO)f = xg. Furthermore

~f =xgf T=xg=z9 = ~f=xgf T=xg=zg= ~f =zgf =xq:
and f zg\ ftv(~f =xgf T=xg=2g) = ;, using Lemma 27. Hence in
fact:
S oxXhyi . (X 9Z(~)PO - ~f =Zzg)f = x0:
(Par ): Assuming™ | Pi.Aj, 1 sandA1 Ay, we getAf=xg
Aof=xg and Aif=xg A,f=xg dened and equal to (A1
Ao)f =xg by Lemma 27. Hence® | ,PijP2. (A1 Ap)f=xg.
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The remaining cases are simpler and mostly follow directly i the
(IH). w

Next we formally de ne name substitution in action types: assuming
that fvg\f xg=;, then ()f x=vg is the least partial operation such
that

{ Af=g=A,

{ Afx=vg= A, if vZ2fn(A),
{ (Ajv: x=vg= A x: |,
{

(Ajv: b ow: )fxevg=A x: ! w: |JifA x: ! w:
andw 6 x;
{ Aw: I v: )fx=vg=A w: ! x: ifA w: | x:
andw 6 Xx;

We extend the above de nition to Af x=wg = (::(AfX1=v109):)f Xn=Vh Q.

Lemma 29. 1.If (A B)fx=vgis de ned, then Af x=vg and Bf x=vg
are de ned and Afx=vg Bfx=vg, as well asAfx=vg Bfx=vg=
(A B)fx=vg hold.

2. If Afx=vg is de ned and a is fresh, then (A;a : )fx=vg is also
de ned and equal toAfx=vg;a:

Proof. By straightforward induction on the derivation of (A B)f x=vg
we establish (1). (2) is straightforward.

Lemma 30. Let © P . A and assumeAfx=wg is de ned. Then °
Pfx=vg.A fx=vg.

Proof. We shall establish if Afx=vg is de ned, then = Pfx=vg.
Afx=vg by induction on the derivation of = P . A.

(Par): Let ©  Pi.Aj, 1 2 and A;  Ay. As by assumption
(A1 Ao)fx=vgis de ned, we can use Lemma 29 (1) and the (IH)
togetto ~ |, ,(P1jP2)fx=vg.A1 Axfx=vg.

(Res): Immediate from Lemma 29 (2) and the (IH).

(Weak ): Assume™ P.A;y : followsfrom™ P.A Yandmd( )2

fl ;?g9.Let(A;y: )fx=vg= A x: bedened.Ify= vwe have
two subcases: (1)x 2 fn(A), then, by modes,A x: = A sowe
just use the (IH); otherwise (2) A x: = A;x : and we use
the (IH) with a subsequent application of (Weak ). If x = y 6 v,
we proceed as in (1). The remaining casey 6 v;x 6 y is like (2).
(In#): Assume we derive’ | x(¥):P .x : 8x:(~)* ! A;B from "o
P . w:~=A;B, with the usual restrictions on A and B. From the
(IH) and the (VC) we get "~ oPfy=wg. v : ~ (A;B)fy=wg. The
interesting case is wherew does occur inA;B . If wis a name in
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A, it cannot be x, but also y 6 x for otherwise the substitution
would not be de ned. So we apply (n#). Similarly, if w is a name
in B.

The remaining rules are similar to the previous cases. u

B Proof of Proposition 5 (2)

We use acyclicity of names, cf. Proposition 3. Base casd#yi is ob-
vious. b(y):P, 'b(y):P and ( x)P, are straightforward by induction

on P (note that inputs and outputs always have connected types).
We write Py. ; for a connected processes with type. Assume by in-
duction that a typable term PCis translated into a bigger connected
term, P i. We show how a parallel compositionQ j Py, i with non-

connected type is translated into a bigger connected term.

Case (1) Q zhx andmd( )= !. Then ( x)(Qj P) is connected.

Case (2) Q zhyi wherez's mode is? and md( ) =#and y, = X.
Then ( x)(Qj P) is connected.

Case (3) Q zhyi wherez's mode is? and md( ) =#andy, 6 x.
AssumeP's linear output is ¢. Then ( yaX)(Q] Yn(W):Xhe] P) is
connected.

Case (4) Q zhyi wherez's mode is" and md( ) =# and z = x.
Same as Case (2).

Case (5) Q zhyi wherez's mode is" and md( ) =#and z 6 x.
Same as Case (3).

Case (6) Q 'a(y):Randmd( )= !. Then by acyclicity of names, we
know either (a) a2 fn(P) or (b) x 2 fn(R) or (c)a;x 62n(P)[ fn(R).
Assume (a). Then ( a)(Qj P) is connected. The case (b) is symmet-
ric to (a). For the case (c), both ( a)(Qj P) and ( x)(Qj P) are
connected.

Case (7) Q a(y):Randmd( )="!.Then( x)(Qj P)is connected.
Case (8) Q la(p):Randmd( )=# Then ( a)(Qj P) is connected.
Case (9) Q a(y):R and md( ) =#. Then the case (a)a 2 fn(P)
is the same as (a) in Case (7), while the case (bx 2 fn(R) is as
the same as (b) in Case (7). For the case (ca;x 62fn(P) [ fn(R),
assumec®is a linear name infn(R). Then ( ¢%)(Qj Aw):Xhwij P)
is connected.
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C Proofs and Additional Material for Section 5
C.1 Proof of Subject Reduction (Proposition 11)

We rst prove the Subject Reduction Theorem (Proposition 11) for
the typing system in Figure 3.

Lemma 31. 1.1f A B then Af =x%g Bf =x°gand Af =x9g
Bf =x°g = (A B)f =x°g. The corresponding result holds for
universally annotated type variables.

2.Assume’ P .A.Then P .Af =x°g for some such that
ftvo( )= ;.

3.1f° P.A andftv(A) = fx8g then® P .Afx=x%gis derivable
in the system of Figure 2.

4.1f © P .A is derivable in the system of Figure 2, then' P .
Afx®=xg

5If " P.A andP Q,thenalsolf™ Q.A.

6.1f © P .A is derivable, then it is also derivable without using
(8-Var ).

Proof. For (6) we also proceed by induction on the number of appli-
cations of (8-Var ). The key insight is that for ( 8-Var ) to have an
e ect, it needs universally annotated type variables. They can only
have been introduced in Weak ) or (Out ). But every time we use
such a type variable in these rules, we use the appropriate cwrete
type instead. wu

By the above lemma, we can prove the same substitution lemma
as in Lemma 3. Then we use Lemma 31 (1) to remove all existentia
variables and Lemma 31 (2) to convert universally annotatedvari-
ables. Then we can type something like P .Af-<=x%gfx=x%gin the
system of Figure 2. Using the Subject Reduction Theorem 1, wlave
*Q.Af=xgfx=x8g in the system of Figure 2. Then we apply (4)
to obtain ° Q.A f=x%g. Using (9-Var ) we nally get = Q.A as
required. u

C.2 Proofs for Subject Transition (Proposition 12)

In this subsection, we prove Proposition 12. We start with a snall
lemma.

Lemma 32. Let® P .A. Let A%= A, provided md(A(x)) = ?, else
A%= Anx,
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. XN y)zi
1LIf " oP.A 1Q.B,thenB = jo3(y; - 75! & : j) ke

Yk : “k; Wherefag fn(A), ¥y = hyo:lyn 1i, J and K partition
fO;::;n 1gand ;= con(A(z)) = con(A(yi)).

xh( yzi
2.1f P .A "oQ.B,thenB = A0 z: ~

Now we prove Proposition 12. Clearly we only need to establis
this for pretransitions. By induction on the derivation of t he transi-
tion. We begin with (Com). Now we induce on the derivation of the
two premises. Nested into these inner inductions, we do indction on
the derivation of the typing judgements of the sources of thepremise
transitions.

Assume ~is a vector of concrete types, i.e. no type variables. Set
0= ~fx8=x%g. Let

A= X1 9xi(~y®) 1y 2 2 y8
As= x:B: 8 (S A
Ad=v:w: ¥ "A X;?B X

Assume that A; A, let ~be another vector of concrete types and
let y° be a vector of of matching length. Then

Af=y8g= x:9x:(~) ;yp: 5 21 ~
Aof =y8g= x : Bf =y8g 8x:(==)* 1 A:
We don't need to apply f ~=ysg to A becausef Eysg does not a ect

linear channels. Now assume that neitheA1f =yg nor A,f =yg have
any free type variables. This means we can derive

= if=xX2g fvi(= 9= xi 2ftv(~)
oxhyzi LA f =y8g D=a:~! y:=E =b:~ z:~
. i 8 xh( ab)abi o )
oxhyzi . Af=y"g  [@! vil'j B! z]'.DE

Similarly, one derives

‘oP.Angygg xis.%ftv(A;B)

Y x(vw) P LA of =y8g Af=y8g (a:-%bB:-)  xh ab)abi

. 8 xh( &b)abi -0 _
| X(vw):P LA f=y"g oPfab=wwg.A; (B a&a:~;b:~

Hence we can apply Com) to obtain
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< i 8 xh( ab)abi o v
oXhyz . Af=y"g o [a! yiltj B! z]'.DJE

R 8 xh( &b)abi -0 _
I X(vw):P . Axf=yg oPfabwwg.A; (B a:~;b:-)

Toxhyz ) x(ww):P AL Az

‘ol D) [a! vil'j [b! z]'jPfabxwg). A1 A;

We have B & : ~b: ~and A,f=y%g (a: ~®b: - because
all the names in a and b are fresh. Using the outermost (IH), we
knowthat |, [a! vyi]'j [Bb! z]'.D;E and oPfab=wrwg.

A (B &:=>b:9.NowA; A,impliesA:f=y®g A,f=y®ghby
Lemma 31 (1) . This in turn implies D;E  A; (B a: p: ~). Let

Q= [a! yl'j [B! z]'. Then we can form

1Q.DE P oPfab=wwg.A; (B a:zo;b::)
— — (Par )
"oQjPfab=wwg. (D;E) (A;(B &:~°;b:~))
———— (Res)
‘o ab)(QjPfab=wwg). (y:22z2:9D (A;(B a:~;b:")
(Weak )

“of ab)(QjPfabwwg) . A1 Az

as required. If (Res), (Weak ) has been used to type the source of
one of the premise transitions, we proceed straightforwarty by one
of the (IHs). This leaves (9-Var ). It impossible that we introduce
an existential type variable that a ects the types of any free name
occurring in the transitions under induction. But then we can simply
proceed by (IH).

The base case for replicated input is similar and the remainig
cases of the innermost inductions Res), (Par ), (Weak ) and (9-
Var ) are straightforward from the (IH).

C.3 An Alternative Generic Transition System

Figure 5 gives an alternative account of generic labelled tnsitions.
It is easier to de ne than that of Section 5 as it doesn't require
pretransitions or action predicates. But there's a price tobe paid for
simplicity: the inference system is not entirely compositonal. Certain
inputs can only be derived from non-trivial con gurations.

Proposition 27. Up to , transitions derivable using the system in
Figure 4 coincide with those derivable using the system in Bure 5.

Proof. By straightforward, yet tedious inductions on the derivati ons
of transitions.
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A(X): 8X’:(~)# Z; 2fyg| A(Zi): Y|9 =7

(in") Xh( ¥z
1P jx(¥):Q.A | e oP jQfz=wg.A=x 2z~
an') A(x)= 8xi(~) z 2fygi A(z)= Y{="T
In' _
YPjxQ.A NP P iQfrvgjx(¥)Q.A 2~
A(x) = 9x:(~)PO i = con( i)
(Out) wifzeyg2fygi A(wifz=yg)= Y8 =7
ToXhwi A XnC zpmiz=ya iz oyl i~ oy~
(Gom) ToXhyj X(WP .x ;A 1T oPfy=wg.x oA
Re ~ T i N .
(Rep) oXhrj IX(y):P.A ! oPfy=vg | IX(¥):P .A
Pi.AL 1" PP.AY “yP2.A2 A1 A |allowed by A,
(Par)
PijP2 . A1 Az !L PP, .A? A,
P.A ! Q.B x 62n(l)
(Res)
( X)P.A=x ! ( x)Q.B=x
P P° ~ pPoA 1! °A Q°
(Cong) Q Q Q
P.A 1" Q.A

Fig. 5 An alternative inference system for generic labelled transitions.




