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Interpretions of Arithmetic and Analysis

Dialec.

A-trans+mr

PA“ + ACo,, -~ HA® + ACY,
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Primitive recursion vs Bar recursion
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G ifn=20
H,(R(n—1)) otherwise

G, if Y(3) < |5

SBR(s”") =
(") {Hs()\xp.SBR(s*x)) otherwise.
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VndzA(n,z) — 3fVnA(n, fn)
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The Challenge

Given
H, : (A(n) — B) — A(n)

Y : VnA(n)— B
Produce a realiser for B (or ¥YnA(n)).

Sketch of solution: (assume s™?)" : Ynes A(n))

. B s(n) ifnes
(s)(n) = H,(Az".Y (VU(s* (n,z)))) otherwise.
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L*Three Realizability Bar Recursions

BBC bar recursion

Berardi, Bezem, Coquand (BBC) functional

U(s) =s@QAn.H,(Az.Y (¥ (s * (n,z))))

o Efficient
e Not easy to prove total

e Not easy to prove it is a realiser
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[ BBC bar recursion

Berger's observation

Enough: Given
H, : (A(k) = B) — A(n)
Y : VnA(n)— B
Produce a realiser for VnA(n).
Sketch of solution: (assume s” : Vn<|s| A(n))

Sn if n < |s
H,(Az".Y (U(sxz))) otherwise.
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L*Three Realizability Bar Recursions

Berger’s bar recursion

Berger's (MBR) functional

U(s) =sQAn.H,(Az.Y (¥ (s * (|s]|,x))))

o Not very efficient

e Easy to prove total
(by bar induction)

e Easy to prove it is a realiser
(by bar induction)
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Berger’s bar recursion

Question

Can we solve the original general problem

efficiently with an easy proof of correctness?
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L Escardo’s bar recursion

Escardo’s trick

Given
H, : (A(n) — B) — A(n)

Y VYnA(n) — B
Produce a realiser for VnA(n).
Sketch of solution: (assume s : Vn<|s| A(n))

if n < |s]

U(s)(n) = { H,(\z".Y (¥(s % (n,z)))) otherwise.
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Escardo’s bar recursion

Escardo’s trick

Given
H, : (A(n) — B) — A(n)

Y : VnA(n)— B

Produce a realiser for YnA(n

Sketch of solution: (assume s : Vn<|s| A(n))

U(s)(n) £ {

Sn if n < |s]
H,(Ax”.Y (U(s* ...x(n,z)))) otherwise.
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L Escardo’s bar recursion

Escardo’s trick

Given

H, : (A(n)— B

Y VYnA(n) —
)-

Produce a realiser for YnA(n

Sketch of solution: (assume s”°

Us)n) = { Hoy(Ae?.Y (W (s #

where ... = U(s)][|s|,n — 1].

) = A(n)
— B
: Vn<|s| A(n))
if n < |s]
x (n,x)))) otherwise.
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Escardo’s bar recursion

Escardo’s (CBR) bar recursion

U(s) =s@QAn.H,(Az.Y (¥(¥(s)(n) * (n,z))))

o Efficient

e Easy to prove total
(by course-of-value bar induction)

e Easy to prove it is a realiser
(by course-of-value bar induction)
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Escardo’s bar recursion

Main results
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